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Abstract

We consider optimization problems with a stochastic objective and deterministic constraints, and de-
sign a trust-region sequential quadratic programming (TR-SQP) method to solve them. We name
our method TR-SQP for STochastic Optimization with Random Models (TR-SQP-STORM). In each
iteration, our algorithm constructs a random model for the objective that satisfies suitable accuracy
conditions with a high but fixed probability. The algorithm decides whether a trial step is successful
or not based on two ratios: the ratio between the estimated actual reduction and predicted reduc-
tion on the /5 merit function, and the ratio between the estimated KKT residual and trust-region
radius. For each successful step, the algorithm increases the trust-region radius, and further decides
whether the step is reliable or not based on the amount of the predicted reduction. If the step is reli-
able, then the algorithm relaxes the accuracy conditions for the next iteration. To resolve the infea-
sibility issue of trust-region methods for constrained problems, we employ an adaptive relaxation
technique proposed by a companion paper. Under reasonable assumptions, we establish the global
first-order convergence guarantee: the KKT residual converges to zero almost surely. We apply our
method on a subset of problems in CUTEst set to demonstrate its empirical performance.

1. Introduction
We consider solving the following constrained stochastic optimization problem

min f(x) = E[F(x;¢)], st c(x)=0, (1)
xeRd
where f : R? — R s a stochastic objective, F'(-; £) : R? — R is a realization, ¢ : R¢ — R™ are de-
terministic equality constraints, and £ ~ P is a random variable following the distribution P. Prob-
lems of this form are popular in various scientific and engineering fields, including optimal control
[5], constrained deep neural networks [7], and reinforcement learning [1].

Numerous methods have been proposed for solving constrained optimization problems, such as
penalty methods, augmented Lagrangian methods, and sequential quadratic programming (SQP)
methods. All of these methods have advantages that make them suitable for different settings. Our
paper focuses on solving (1) with a stochastic SQP (StoSQP) method. [3] proposed the first StoSQP
algorithm, in which a single sample is obtained in each step to estimate the objective model and a
projection procedure is used to select the stepsize. Based on the ¢ merit function, that projection pro-
cedure uses a deterministic user-specified sequence {fj} to construct a projection interval in each
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step and determine the stepsize. The projection procedure adds adaptivity to the method compared
to algorithms that require users to directly specify stepsizes. However, since the projection interval
boundaries scale as ) with the length scaling as 37, the prespecified sequence {3} still highly af-
fects the magnitude of the selected stepsize, and thus affects the performance of the algorithm. To
address this issue, [12] considered a random model setup and incorporated a stochastic line search
procedure with StoSQP. In each step, a model of the objective is constructed that satisfies suitable
accuracy conditions with a high but fixed probability. This model is used to compute an augmented
Lagrangian merit function, and the stepsize is selected by checking the Armijo condition. Several
papers built upon [3] and [12], and have further improved the design from different points of view.
[2] designed a scheme to deal with rank-deficient Jacobians; [9] allowed approximately solving the
SQP subproblems; [4] applied the SVRG technique inside StoSQP for finite-sum problems; and [11]
generalized the study in [12] by developing an active-set method to enable inequality constraints.

We contribute to the above literature by proposing the first trust-region StoSQP method for
stochastic optimization with random models, which we term TR-SQP-STORM.! Under the random
model setup [8, 11, 12], we assume in each iteration that the objective model is accurately estimated
with a high but fixed probability, which can be achieved by using a batch of samples with adaptively
selected batch sizes. In each iteration of TR-SQP-STORM, we decide the trial step as successful or
not based on (1) the ratio between the estimated actual reduction and predicted reduction on the /5
merit function, and (2) the ratio between the estimated KKT residual and the trust-region radius. The
former ratio is used for deterministic trust-region methods [13, Chapter 4], while the latter ratio is
inspired by [8] and is particularly used for stochastic optimization. If the trial step is successful, then
the trust-region radius is increased, otherwise, it is decreased. Unlike [8], for each successful trial
step, the algorithm further decides whether the step is reliable or not based on the amount of the pre-
dicted reduction. When the predicted reduction is large, we relax some model accuracy conditions
(e.g., the variance of the objective function estimate) for the next iteration. In addition, when design-
ing trust-region methods for constrained optimization, we have to resolve an infeasibility issue—the
intersection of linearized constraints and trust-region constraint may lead to an empty feasible set for
SQP subproblems. In this regard, we employ an adaptive relaxation technique proposed in a com-
panion paper. Specifically, we relax the linearized constraints by controlling the sizes of the normal
step and the tangential step separately, and the control radii are computed by splitting the full trust-
region radius into two parts. With the above extensions of the STORM method for unconstrained
optimization [8], our TR-SQP-STORM method enjoys three advantages over existing line-search-
based StoSQP methods [11, 12].

First, our method computes the search direction and selects the stepsize jointly, which can lead
to a better performance in some cases [13, Chapter 4]. This property is in contrast to the line-search-
based procedure, where a search direction is computed first and then the setpsize is decided based on
either line search procedure or projection techniques. Second, due to the trust-region constraint, the
SQP subproblems are well defined even with an indefinite Lagrangian Hessian approximate. Thus,
we can employ the unperturbed Hessian estimate at the current iterate to form the SQP subproblem.
On the contrary, existing StoSQP schemes all require a positive definite Hessian approximate in the
null space of linearized constraints, so a Hessian perturbation procedure is generally needed. Third,
in addition to ensuring that the search direction is a descent direction, [11, 12] imposed an extra fea-

1. The name STORM is borrowed from [8], where the authors designed a trust-region method for unconstrained stochas-
tic optimization with random models (STORM).



TRUST-REGION SQP-STORM: FIRST-ORDER STATIONARITY

sibility error condition when selecting the merit parameters. This condition is completely eliminated
in our study.

With the above differences to existing StoSQP methods, we establish the first-order convergence
guarantee of TR-SQP-STORM by showing that the KKT residual converges to zero almost surely.
We note that a recent work [6] designed a second-order STORM method for unconstrained problems
that converges to a strict local minimum. Motivated by that, we will also report on our second-order
stationarity results for constrained problems shortly. We apply the method on a subset of problems in
CUTEst test set to demonstrate its empirical performance.

Notation. We use || - || to denote the {2 norm for vectors and the operator norm for matrices. We use
1 to denote the identity matrix and O to denote the zero matrix, whose dimensions can be inferred
from the context. We let G(x) = V7 ¢(xz) € R™*% be the Jacobian matrix of the constraints and
let P(z) = I — GT(2)[G(x)GT (x)] 'G(x) be a projection matrix. We let g(z) = VF(x;¢) be
a realized objective gradient, and by (-) we denote all stochastic estimates. The Lagrangian of (1)
is defined as L(x, A) = f(x) + ATc(x). At the k-th iteration, we let g, = g(y) and G, = G(x)
(similar notation is used for ¢, Py, V.Lj, VL, etc.).

2. Adaptive Relaxation Technique

We describe an adaptive relaxation technique proposed in a companion paper. This technique is used
to address the infeasibility issue of trust-region methods for constrained optimization: the intersec-
tion of {Axy € R : ¢ + GpAzy, = 0} and {Azy, € R? : ||Azy|| < Ag} can be empty, where
Ay, is the given trust-region radius. To resolve this problem, we decompose the trial step Axy, into
a normal step and a tangential step as Axy = wy + t, where wy € im(Gg) is the normal step
and t; € ker(Gy) is the tangential step. We further write £, = Pju; for some vector uy € R,
Without the trust-region constraint | Azy|| < Ay, we know that wy, = —GT [GrGE] Loy = vy,
(suppose G, has full row rank). However, the trust-region constraint may prevent us from taking
the full length of vy. Thus, we let wy, = vy, for a scalar 45 € (0, 1]. Finally, we have Az, =
Yx Vi + Pruy. To select proper 7, and ug, we decompose the trust-region radius into two segments

_ IVa L]

d Ay =1ZZEA,L 2
an k | k 2)

lexll
IV

Ay =
Then, we let 3, = min{A/|lvy||, 1}, and let u;, be solved by a standard trust-region problem

1 ~
min  gf Pou+ ~ul PyBpPru st ||lu| < Ay (3)
ucRd 2

Any approximate solution of the problem (3) that achieves a fraction kf.q € (0, 1] of the objective
reduction achieved by the Cauchy point is sufficient for our analysis.

3. TR-SQP-STORM

Let 0, pg,pf € (0,1), Amax, g > 0,6 = Kean®/16, v > 1 be input parameters. Given the
current triple (xy, Ak, €;), where xy, is the (primal) iterate, Ay is the trust-region radius, and € is
the reliability parameter, we perform the following four steps.
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Step 1. We use a batch of samples to obtain the gradient estimate gj, that satisfies
P(Ag | 1) > py, with Ap = {||Vfi — grll < kgAx}.

Step 2. We compute the dual iterate A, = —[Gng]_legk, and the gradients VL, and VL.
For a matrix By, that approximates the Lagrangian Hessian V2 L}, we compute the step Axy, as in
Section 2. Based on Az, we select the merit parameter fij, that is large enough so that

— Kfed | e 5 IVaLell Kfed o el
Pred;, < — VLl mln{Ak, - ||lck || min < Ag, ; 4
2 ° | Bl 2 G|l

where £ f.q is defined in Section 2 and the estimated predicted reduction is defined as
_ 1 _
Pred;, = gj Az, + iAngkAfEk + i (llex + GrAze|| — |lekll)-

Step 3. Let x,, := x;, + Axj,. We estimate fr fsk, the objective values at x, x, , that satisfy

P(By, | z, Axy) > pp, max{E[|fi — fil | @p Azi] B [|fs, — fou| | Tp, Azy] } < &,

where By, = {max(|fx — fxl|,|fs, — fs|) < kyAZ}. The estimated actual reduction Ared), =
EZ’; — E,’%k is computed based on the ¢» merit function:

L3 = L (®5,) = fo + fxlles, || and L5 = L (@) = fi + anllex-
Step 4. We update the triple (xx, A, &). Let p1 = Aredy /Predy, and po = || VL |/ Ag. If
przn  and  py >0 - max{]| By, |Gkl 1}, )

then the trial step Az, is successful, and we update the iterate and radius as €1 = x5, and Ay =
min{yAg, Anyax}. Furthermore, if —Pred; > € also holds, then Axy, is a reliable step, and we
set €x+1 = Y€k to relax the variance of the objective estimate for the next iteration; otherwise, we
let €x+1 = € /7. If either condition of (5) does not hold, then Az, is an unsuccessful step. We let
Tpr1 = Thy App1 = Ag /v, and €1 = &,/7.

The following assumptions are used to establish the global convergence guarantee.

Assumption 1 The iterates xy, x, lie in some open convex set ). The function f(x) is contin-
uously differentiable and bounded below by fins. The gradient NV f(x) is Lipschitz continuous on
Q with constant Ly ¢. The constraints c(x) are continuously differentiable. The Jacobian matrix
G(z) is Lipschitz continuous on ) with constant Lg. We also assume that there exist constants
kB = 1, ke, kv, K1,G, K2, > 0 such that

| Br|| < k5, llek]| < ke, Vil < kvs, k1.6 1 < GyGE < koG-I forall k € N.

Assumption 2 (Stabilization of the merit parameter) There exist a stochastic K < oo and a
deterministic constant [i, such that for Vk > K, ji, = jig < fi.
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Assumption 1 is standard in the existing literature [3]. Assumption 2 holds if g, satisfies a bound-
edness condition; detailed analysis can be found in Appendix B. Now we establish the global conver-
gence guarantee of TR-SQP-STORM. The proof is deferred to Appendix A.2. We use the following

potential function
1—-v 1—-v
k k 2 _
Ph. =vLy. + 5 AL+ 5k

where Eﬁk = fx + pBgllck, and v € (0,1) is a deterministic parameter satisfying % >

2 . . .
max {PYT, 2%} for constants Y derived in the analysis.

Theorem 3 Suppose that Assumptions 1, 2 hold, v satisfies the above condition, and pf, pgrqq are
large enough so that pgpy > % andpy > 1 — %(3_1). Then limg_, || VL] = 0 a.s.

Theorem 3 establishes the global convergence result for TR-SQP-STORM, which matches the
conclusion in [8] for trust-region methods for unconstrained problems.

4. Numerical Experiments

We demonstrate the empirical performance of TR-SQP-STORM on a subset of problems in CUTEst
set [10]. We compare our method with the £2-StoSQP [12, Algorithm 3]. Given a noise level o?
within {107%,107%,1072, 107!}, we draw estimates of f}, from the Gaussian distribution /' ( 3, o'2)
and estimates of V f;, from N (V fi, 02(I + 117)), where 1 € R? denotes the all one vector. Both
algorithms adaptively select sample sizes to satisfy respective conditions. For ¢2-StoSQP, we let
By, = I (as used in [12]). For our method, we try four Hessian approximations: the identity matrix
(Id), the symmetric rank-one (SR1) update, the estimated Hessian (EstH), and the averaged Hessian
(AveH). When employing EstH and AveH, we estimate V2 f;, with only one sample per iteration.
The (i, j) (together with (j,4)) entry of the estimate of V2 fj, is drawn from N ((V2fy); j,02),
where o2 is the same as for estimating the objective model. We draw boxplots for the optimality
residual ||V, L|| and the feasibility residual ||c(x)|| of both methods in Figure 1.
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Figure 1: KKT residual boxplots of CUTEst problem set.

From Figure 1, we observe that TR-SQP-STORM generally outperforms ¢2-StoSQP for the op-
timality residual (especially when the noise level is high), while the two methods are comparable
for the feasibility residual. Among the four choices of Hessian approximates, the averaged Hessian
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consistently performs the best, and the current estimated Hessian is in the second place. This obser-
vation is consistent with our intuition.

5. Conclusion

We developed TR-SQP-STORM to solve stochastic optimization problems with equality constraints.
The algorithm is developed in a random model setup where the objective model is estimated suffi-
ciently accurate with a high but fixed probability. We adopted the adaptive relaxation technique to
resolve the infeasibility issue. The global almost sure convergence property of TR-SQP-STORM is
established and its superior performance is demonstrated on a subset of CUTEst problem:s.
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Appendix A. Proofs
A.1l. Fundamental lemmas

Lemma 4 Suppose Assumptions 1 and 2 hold. When Ay, happens, for k > K we have
— 1 .
‘Ef{}( — L}, = Predy| < 5(26, + Ly + ki + i) AF. ©)
Proof Let L7} = Ly, (xs,), [,/l_%k := Lj . (zy), then for all k > K, it follows from definitions of

Ly (x) and Predy, that

_ 3 B 1 3
Ly — Lk - Predk’ =\fs. +igllcs || — fx — GF Az — §Aw{BkAa;k — Agllex + GEAzy||

1
< |91~ g+ (s + 1B + LA

1 .
<|IV fir — gill || Ay || + §(LW + kg + iL)|| Az %, (7

in the first inequality, we use Taylor expansion and Lipschitz continuity of V f(x) and G(z). In the
last inequality, we use Cauchy Schwartz inequality, || B;|| < xp and iz < fi. Since Ay holds, we
have ||V fi, — gi|| < kgAk, which combined with (7) and ||Azy|| < Ay yields the result. [

Lemma 5 Suppose Assumptions 1 and 2 hold, and also suppose Ay, N By, happens and for k > K,

_ B T }
VL] > max { max{1, -max{kpg, /K ,——————— ¢ Ag, 8
194 > e { {1 i} - . 27— | ®

where T1 = 4Ky + 2k + Ly + kg + fiLg, then Azy, is a successful trial step.

Proof To show that Az, is a successful step, we need to show that both conditions in (5) hold.
Noticing that || Bx|| < kg, |Gkl < \/F2.G, it is implied by (8) that p2 > 7o - max{|| B/, || G|, 1},
so the second condition in (5) holds trivially. Next we need to show that p; > 79. From the
definition of p;, we have

__Ared; E_f{; — E_ER _ E_;’; - EZ’;{ + Ef{;( — mf—LK(A:ck) + Eﬁk — L_ﬁk

pr= Pred,, Predy, Predy,

+1,

since Pred;, = mﬁk (Azxy) — mf{f{ (0) and mﬁk (0) — Eﬁk = 0. Rearranging the terms, we find

~S S
‘ﬁﬁk;z — Ll |t

K

=

£ —mk (A:ck)‘ + ‘E’fk - Z’;LK]

lp1— 1| < €))

Now we consider the four terms on the right-hand-side of (9). We first note that (8) shows A <

Wm\\?ﬁkw which combined with (2) and || By || < B, ||Gi|| < \/R2.G yields
. V 5 L V oL v
A Wbl Ul o el D "

k — = k> = = k> .
IV Lk 1Bl IV L | Gkl
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Therefore,
_® - ||Vl K o c
fcd [V Ly fed : llex ]|
Pred; < — —=|Vq £k||mln{ ks - [[c|| min § A,
HBk” 2 Gl
(8),010) ﬁfcd
@_fffcd vacﬁkll2 L fided kall2 A
2 | VL| 2 [[VL|
_ Kfed . = =
= — “LRIVLAL,  (sincel| Vo Lell + lexl® = VL) (10
which implies
[Predy| > “L4 Vi A (12)

Next, we consider ‘C_’f Lk land |L3F — L3k
K Hig HE (2354
easy to check that By, holds is equivalently to

. From the definitions of £;(z) and £ (), itis

max{‘ﬁk - Ek = L } < kAR (13)
For the last term )LZ’;{ - mﬁR(Aa:k) , k= mﬁR(Awk) - ml'%[_{ (0) and
mﬁK(O) - EER = 0, when Ay, holds
]ﬁ,é; —mt_(Awy) ( - ‘Ls’“ — Lk +mk (0)—mE (Awy)

0) 1
< 5269+ Lys +hp+ fLg)A7. (14)
Combining (9), (12), (13) and (14), we have

(4I€f + 2:%9 + va + KB+ ,U,LG')Ak (8)
ko ped|| VL]

Ip1 — 1| < < 1-—npo,

equivalently, p; > ng. Thus (5) holds and Axy, is a successful step. |

Lemma 6 Suppose Assumptions 1 and 2 hold, and also suppose By, happens and Axy, is a suc-
cessful step, then for k > K, we have

k+1 k 2
Eﬁf{ — Eﬂf{ < —ToAg,
where Ty = %770770 min {1, 70}
Proof Since the Axy, is successful, we have x;; = x5, and both conditions in (5) hold. Note

IVL] } > oA Ttis

that po > 7 - max{|| Bk||, |G|, 1} is equivalent to min {HVE;CH, Bl ICaT
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_ 3 _ o« % v
easy to check that | VLy| > moAg leads to ||V L] > oA and ||k || > oAk, m >
NoAg leads to ngl’l"“ > f]OAk and ||||(C;’€ h > ﬁoﬁk. Therefore, when the trial step is successful, we

have

|
K

& @ . s ]
Aredy < noPred; < — HJ;CdT]OHVmEkH min{Ak, IV Lall } _ RdeHOHCkH min{Ak, el }

Byl 2 G|l
K fed B . B ~ K fed ~ . ~ s
< - %770770 min {1, 70} A} — %nano min {1, 70} A
Kfed . . _
- %770770 min {1, 7o} A, (15

in the last equality, we use the fact that Ai + A2 = A%. When By, holds and Axy, is successful, we

have
_ Kfed . . -
ﬁg‘;l — E]E;I)} < IifA% = ng Mo7o mln{l,no}A%. (16)

)

max {‘E_@R — sz(

Therefore, since Ared;, = L_Efl — L% we have
K HE
k41 k  _ pk+1 _ pk+l | k1 pk ~k k
‘Cﬁf( o Eﬁk _Eﬁk o Eﬁk + £ﬁf< o Eﬁ}? + Eﬁk o Eﬁk
k+1 rk+1 Ao rk k
< ‘Eﬂf( i ’—l—Aredk—i— ‘&K _Eﬂk" 17)
The conclusion follows by combining (15), (16) and (17). |

In the condition of v, Y5 is defined in Lemma 6,

_ Bfed { max{1,7} - max{xp, \/F2.G} 47, }
8 max{1, 70} - max{kp, \/Ra,g} + kg 4T1+ (1 —n0)Kfcaky )’

where Y is defined in Lemma 5. We choose ( such that

T3

41T,
> Kg +max < max{l, 1y} - max{kp, Hg,}. (18)
¢ > gt ma { {1} - (s, ) s
Lemma 7 Suppose conditions of Theorem 3 are satisfied, then for k > K, we have
Eyfoit ok <1V (L1 1) a2 19

Proof First note that if the step is not successful, then ®p11 = @k, Apr1 = A/, €1 = €/,

and
1-v /1 1-v /1
k+1 Eoo_ 2 _
<I>pk — <I>ﬂk =— <W2 — 1) Ay + 5 < — 1) €L (20)

v

For k > K, we consider two cases separately: ||[VLy| > (A and |[VLg| < (Ag, where ( is
chosen to satisfy (18).

Case 1: | VL] > CAg

a. Ay N By, happens. When A, holds, we have

IV Ll = IVLEN] < IVLe = VL = [1P(V fie = Gi)ll < IV Fre = Gl < r5g A,

10
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therefore, ||V Ly|| > [|[VLk| — kgAk > (€ — kg)Ag. Thus ||[VLyg|| > (A and (18) together imply
I924]) = max {max{1, fo} - max{ns, yizgh — ot — LA @)
k|| = max axy4, 7o AX1R By VK2,G 7chd(1 —770) k-

Therefore, (8) holds and Lemma 5 shows that the trial step is successful.
Reliable step: When Axy, is a reliable step, we find

() — 1 N
L — ﬁéf{ <Pred;, + 5(2/49 + Lyy + kB + filLa) A}

11— 1 1 N
§§Predk — §€k: + *(QHg + va + KB + ,uLg)Ai

2
D Kjed) & 5 IVaLill e x el
< - [V Ly | min {Akv - ||lck || min < Ag,
4 07 | B 4 |Gl
1 1
— §€k + 5(2/%9 + Lvy+ KB+ /ng)Ai.

Using derivation similar to (11), we have
£k — ok <—@|Wﬁ 1A —16 —1—1(2/1 + Lys+kp+ aL )A2
iR B = 4 KISk = 56k T 58y \Ji B T ULG)R
Q) Kipeg . — 1
< = 2LV LA~ S (22)

Combining (21), ||[VLg|| > ¢Ag and ||V L] > [|[VLk| — kgAk, we also have

IVLy]| >[IV L
. 1 Ked(1 —10) }
— Kgin - , \4
S e e BT oy o s e el ALY
max{1,7y} - max{kp, /K 47
> o Lo} - max{ny yiaG) 1 bived. @
max{1,7o} - max{kp, /Rag} + Ky 4T1+ (1 —n0)Kfcakg

Combining (22) with (23), we have

s 1_
Lif — Ly < =Ts|| VLA — 56k

_ Kfed max{1,7o}- max{kp,,/R2.G } 47,
where T3 = =£< maX{max{l,ﬁo}-max{nB,\/m}ng’ 7y PEEGR o & Therefore, when Axy

is a reliable step, we have

1 1—-v
k+1 k =
(I)ﬁf( — (I)ﬁf( < —vYs||VL|| Ak — §V6k + 5

1—v

1—v
(v = 1AF+ —5 (v = D

(v* —1)AZ, (24)

1
< — VTgHVﬁkHAk — EVEk +

since 17 > %—Z and g < 1 imply

1 7+1—I/
——VE
S VEk

1
(7 — 1)Ek < —ZVE]C.

11
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Moreover, since ||V Ly| > (A, we have

1—v 1—v

—v 3| VL Ar + 7(72 —1AZ < [—y'rgg +

(* - 1)] A7 <0.
Unreliable step: When Axy, is unreliable, one finds

©__ 1
Lk — Lk <Predy, + 5(2g + Ly + kB + AL)A}

HE
[V L }  Kfed

@ Ffed Sk e
— llck || min ¢ Ay,
| By || 2 Gkl

<
- 2

| V2 L] min {Ak,
1 - 2
+ 5(2/<;g + Lyy + KB+ Llag)Ag.

Using similar derivation to (22), we have

. QD Kpeg =
Lt~ Lhe < = = IVL A (25)
Combining (23) and (25), we have

Lif — Ly < —203]|VLk]| A,

where T3 is defined above, and thus

1—v 1-v /(1 ~
O~ Bh < — 2T VLA, + (0 — DAY+ — (1)k 26)

Since’y—lZl—%that

Thus when Ay N By, holds, we always have

1—v 1—-v /1
k+1 k 2 2 _
O — P < —VLIVLAL+ (7" = DA+ —5 <7 - 1> Er- 27

b. A;, N B;, happens. Using similar analysis as in Case 1. a., we have that if the trial step is reliable,
then (24) holds, if the trial step is unreliable, then (26) holds. Thus (27) is guaranteed. If the step is
unsuccessful, then (20) holds. It is implied by ||V L] > (A, that

1—v
2

1—-v /1
—v Y3 VL[ Ay + (v - 1A} < — (72 - 1) A2 (28)

Therefore when A;, N Bj, holds, we always have

1-v /(1 1—-v /1
P = P < — (72—1>Aﬁ+ 5 (7—1>ek. (29)

12



TRUST-REGION SQP-STORM: FIRST-ORDER STATIONARITY

c. A7 N By, happens. We consider the following three cases.
Reliable step: When Axy, is reliable, we find

) 1 1
Ared; < noPredy, SingPredk — inoék
a5 Kfegq . . . 1
< - %770770 min {1, 7o} A} — 510k
2 1
=—-ToA; — 30k (30)
Combining (16), (17) with (30), we have
. k 1 9 1 _
Eﬁf{ - Eﬁ}? < —§Y2Ak - 5770€k.
Therefore,
1 1 B 1—v 1—v _
(I);’%:;l - (I)/]%K s - §VT2Ai ~ VM0 + T(’Y2 - DA} + T(’Y - 1é&
1 1 1-—
< - SUTRA] — Cumed + oo (P~ 1)AT, 31
2 4 2
since 17, > 373 implies
1 B 1—v _ 1 _
—5VM0ék + T(W —1)ég < — V0 (32)

Unreliable step: When the step Axy is unreliable, it follows from Lemma 6 that
s k 2
Loz — Lig < —T2hy,
therefore

1—v

2

1-v /1 _
@,’;j,{l — égk < —UTHAZ + (v* = 1)A% + 5 <7 — 1> €. (33)

Unsuccessful step: When Axy, is unsuccessful, (20) holds.
Combining (31), (33) and (20), noting that

1 P S 9 1—-v (1 9
—§VT2Ak + ?(7 - 1AL < 5 <'y2 — 1) Az, (34)
and sincey —1>1—1/~,
1 1—v (1
— v, < ——1]¢€
10k = —5 (7 ) €k, (35
when Aj, N By, holds, we always have
1—-v /1 1—-v /1
k+1 k 2 =
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d. A7 N B, happens. We consider the following three cases. When Axy, is successful, we have
k+1 k  _ pk+1 RE] 7S ~k rk k
Lie = Lhg =Lig — Laye + Lile = Log + L — Liig
k+1 _ fs A Ak k
<|ehit - o |+ Aredy + |2 - £k,

=|fsp = for| + Aredi + | fi — fil .

)

since Ared;, = E_E;l — ng’ ‘Eg? — E_;’; = }fsk — fsk| and ‘ﬁ_gk — Ef{k‘ = |fk — fk}.

Reliable step: When Axy, is reliable, one finds

LhEY = L <|fo = Fo| + Aredy + |fi ~ £

G | . 5, 1
< | fe = fo| + [fon = for| = T2% — 7M0€k-
Therefore, we have
S0k < |fo— fol v Fo — fo] — Y202 Tume + LY (2 1)A2
1—v
2

(32),(34),35) | _ = 1—v 1 1—-v /1
< - — - (= -1)A2 ——1)é&.

Unreliable step: When Axy, is unreliable, one finds

+ (v — e

asy | _ _
LAY — £ < | fi = fu| + [ o — fa| = 20247,
and therefore

1—v
2

(I)/};—}gl—(l)gk Sy|fk_fk|+lj‘fsk _fsk‘ _QVTQAi+
1—-v /1
i_l =
T2 <7 )6’“
D F f 1-v /1 1—-v (1
Sl - —— (= 1) & ~—1)&.
<v|fi = fil + v |fs = fu + — (72 ) P+ (ry >6k

Unsuccessful step: If the step is not successful, we have (20).
It is easy to check that when Af, N B holds, we always have

(v* — DA}

_ _ 1—-v /1 1—v /1
k+1 k 2 _
ot —@n < vl|fi — fi] +v|fs _f5k|+T (72—1> AR+ — (7—1> & (37)

Now we take expectation on reduction of ® when |V Ly| > (Aj given Fj_;. Note that the
event A, N By, holds with probability at least py,qqp, event A7 N By holds with probability at most
(1 — pgraa)(1 — py), otherwise Af, N By, and A, N Bf, hold. We use [, to denote E[-|F;_1], then
when |V L] > (Ag, we have

B[] = g =Eellawns (P — O] + Exllagos, (P — 2, )]

+ Eg[Lagnsg (Pp T — @F )]+ Ex[Lagrpe (D1 — @F ).

14
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From the analysis of Case 1. a. b. c., combining (27), (28), (29), and (36), we have
B [Layrm, (OF ! — ©F )] + Bp[Lagrs, (OF T — ©F )] + Bg[Layrsg (O — F )]

1—v 1-v /1
<PgradPy [—VT?,HVEkHAk + T(’YQ —1)A7 + 5 (7 — 1) fk}

1-— 1 1-— 1
0= pyray + 0= |57 (- 1) a2+ 257 (1) a]. o)

For Case 1. d., by (37) and max {Eg,; Ufk — fk’2] ’Eg,; Ufsk _ fsk\Q]} < E%, we have

Ex[Lagrs (PEHH — @F ]
<50t = (0 =0) | (G5 1) &+ (£ 1) @]+ vEe [Lgoeg (1~ )]
VB [Lagrg (1 — Ju)]
<501 - -0 | (5 -1) a2+ (2 -1)a

+ 2”\/(1 _pgrad)(l - pf)glm (39)

in the last inequality we use Holder’s inequality. Combining (38), (39) and rearranging the terms,
we have

k+1 k
B[ ] = P

1—v 1
< 9 |:pgradpf - ?[(1 _pgrad)(l - pf) + (1 _pgrad)pf + (1 - pf)pgrad}:| (72 - 1>Az
1-v /1
— PgraaPsV L3 ||VLE|| Ay + [ 5 <7 - 1> + 2’/\/(1 — Pgrad)(1 — pf)] €k (40)
Noting that

1
PgradPf — ?[(1 _pgrad)(l - pf) + (1 - pgrad)pf + (1 - pf)pgnzd] < PgradPf,
it follows from the combination of |V Ly| > (A and (40) that

1
Ek[q)li—’_l] - (I)f]f( <- pgradprT3||v£k||Ak + §pg7‘adpf(1 - V)(’72 - 1)Ai

+ {1 ; v <i’ - 1) +2V\/(1 — Pgrad)(1 — py) | €

1
<- pgradprT3”v£k“Ak + ipgradpf(l - V)(fy2 - 1)Az

1
<-— ipgradprT3"v£k||Ak (41)

Case 2: ||V L] < (A

15
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a. B happens. Using identical proof as in Case 1. c., it follows that no matter the trial step is
successful or not, we always have

1—-v /1 1—-v /1
@’;Lj_(l—%g 5 (72—1>A§+ 5 (7—1>g,€. (42)

b. B; happens. Using identical proof as in Case 1. d., it follows that no matter the trial step is
successful or not, we always have

_ _ 1—-v /1 1—v /1
(I)Ej—(l_ ’;Kgy]fk—fk|+ulfsk—fsk|+2<72—1>A%+ 5 (’y—l>ek.(43)

Now we take expectation on @Ej_{l - (I)/l%f( when ||V Ly | < (Aj given Fj_1. Since By, holds

with probability at least py, otherwise By holds, it follows from the combination of (42) and (43)
that
k41 k
L
=E (15, ((I)f‘t;l - (I)Zf{)] + Ex [l ((I)f‘t;l - (I)Zf{)]

1—v /1 1—v /1 _ _ _
< <72—1> A} + 5 (7—1) e + vER[se (| fr — fi|)] + vERBe (| for — fail)]
1—-v /1 9 1—-v /1 3
< 5 <V2_1>Ak+[ 5 <7—1>+2I/\/1—pf:|6k,
where in the last inequality, we use Holder inequality. Notice that

1-v (1
2”<—1>+2u\/1—pf§0.

v

Therefore, when ||V L[| < (A, we have

1-v /1
k+1 k 2 14

Combining the conclusion (41) in Case 1 and the conclusion (44) in Case 2, also noting that 1 —
1/9? <2 —1and pgraaps > 1/2, we show that (19) holds. [ |

Corollary 8 Under the conditions of Lemma 7, we have

lim Ay, =0 with probability 1.

k—o0

Proof Taking total expectation on both sides of (19), summing up for all ¥ > K, and noting that ®
is bounded below, we find that

oo

E ZA% < oo.
k=K

16
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By Fubini’s theorem, with probability 1,
oo
Z A} < oo,
k=K
which implies that Ay — 0 with probability 1. This completes the proof. |

Lemma 9 Suppose the conditions of Lemma 7 are satisfied, then we have

liminf |[VLg|| =0 almost surely.
k—ro0

Proof Suppose that the almost sure event A; — 0 happens and we prove this theorem by contra-
diction. Let us assume that there exists ¢ > 0 such that, with positive probability, for all £ > K, we
have

Since A — 0, there exists kg such that for all & > ko,
Amax
Akgb::min{ = Z} (45)

where ( is chosen to satisfies (18). We define r, = log, (%), which satisfies 7, < 0 for all
k > kg. The main idea of the proof is to show that such 7, occurs only with probability zero, hence
obtaining a contradiction with the initial assumption of ||VLy|| > ¢, Vk > K.

We first show that {7}« is a submartingale. Consider some k > kg for which Ay, and B, both
hold, which happens with probability at least pg,qqps. Due to (45) and || VLg|| > ¢, we have exactly
the same situation as in Case 1. a. Therefore, we conclude that the trial step obtained at the k-th
iteration is successful. Since Ay < %, we have Ap11 = vAg. Consequently, g1 = 1 + 1.
For all other outcomes of .A;, and B}, which occur with total probability of at most 1 — py;.qap s, we
have Ay,1 > v 1Ay, consequently, r 1 > r, — 1. Moreover, since PgradPf > 1/2, we find

Ek’[rk—‘rl] > pg’r’adpf(rk + 1) + (1 _pgradpf)(rk - 1) > Tk,

which implies that {7} is a submartingale. Now we define wy, = Zf:0(2 14, -15, — 1). Note
that {wy, }1 is a submartingale since

Ex[wy] = Exlwg—1] + Ex[2 - 14, - 1, — 1] = wp—1 + 2B, [1 4, - 15,] — 1 > wy_1,

the last equality holds because py,qqpy > 1 /2. Also note that {wy}, is on the same probability
space as {rx } . Since wy, has only -1 increments, Theorem 4.4 of [8] shows that lim sup,_, ., wi =
oo holds with probability 1. By the construction of {ry}x and {wy}x, we know that 7, — 7, >
wy, — Wy, . Therefore, ry, has to be positive infinitely often with probability one. This implies that for
the sequence {7y }x, rr < 0 for all & > ko occurs with probability zero. Therefore our assumption
that | VLy|| > € holds for all k > K with positive probability is false and we have

liminf |[VLg|| =0
k—o0

holds almost surely. This completes the proof. |

17
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Lemma 10 Suppose the conditions of Lemma 7 are satisfied. Fix € > 0 and define the sequence
{K_} consisting of the natural numbers k for which |V L|| > €. Then we have

Z Ay < oo with probability 1.
kG{Ké}

Proof Suppose that Ay — 0 happens, then there exists ko such that Ay < €/(,Vk > ko, where ¢
is chosen to satisfy (18). WLOG, we assume ko > K. Let K denote the sequence of indices k such
that k € K. and k > ko. Then for all k € K, |VLi| > (A holds. It follows from (41) that

1
Ek[q)éj_;l] — CIDEI_( < —§pgradprT3€Ak, Vk € K.

Taking total expectation, noting that Lemma 7 implies that E[CI)ER] is non-increasing and bounded
below, we sum up the above inequalities for all £ € K and get

> E[A] < oo

keK

By Fubini’s theorem, this implies

>~ A, < 0o with probability 1.
keK

Since K. C K U {k < ko}, ko is finite and Ay < Apax, the statement follows. [ |

A.2. Proof of Theorem 3

Proof Suppose that Ay — 0 happens and we will prove this theorem by contradiction. Let us
assume that with some probability, there exists ¢ > 0 and an infinite index set Ky C N such that
|V Lg|| > 2¢forall k& € K;. On the other hand, Lemma 9 shows that with probability 1, there exists
an infinite index set Cq such that ||[VLy|| < e for all k& € K. They imply that with some nonzero
probability, there are index sets {m;}3°, C N and {n;};°, C N with m; < n; for all i € N such
that

VL, || > 26,||VLy, || <€ and ||VLg| > eforallk € {m; +1,--- ,n; — 1}.

Since K is finite, WLOG, we assume that K +1 < m; < n; for all i € N. By triangular inequality,
we have

nifl
e <IVLull = IVLm M < > WYLl = VL5l (40)

Jj=m;

From Assumption 1, we find that V.L(x, \) is Lipschitz continuous in both & and A. Since we
define Ay, = —[GrGF]7 GV fi, Assumption 1 implies that A is also Lipschitz in , so there is a
constant Ly, > 0 such that |VL; 1 — VL;|| < Lygz|x;j+1 — ;| holds for Vj € N. It follows

18
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from (46) that
TLi—l ni—l
€< D VLl = IVLI < Y IVL = VL)
Jj=m; Jj=m;
ni—l ni—l
SLve Y g — a5 < Ly [ Am + Y A
Jj=m; Jj=m;+1

Since Ay, converges to zero, for any i large enough, Ay, < 57— holds. Then Ly S P +1 Aj >
5 > 0. Since >, > m+1A < Yje(r. Ajs we then have > jetk.yQj = oo. The above
proof shows that if lim_, || VLk|| = 0 doesn’t hold almost surely, then with positive probability,
> jetr.yAj = oo. This yields a contradiction to Lemma 10. Therefore, limg_oo [[VL| = 0

holds almost surely. |

Appendix B. Behavior of the merit parameter

Assumption 11 For all k € N, there exists some positive deterministic parameter My € R, such
that ||V fi, — gkl < M.

Lemma 12 Under the Assumptions 1 and 11, there exist a stochastic K < oo and a deterministic
constant [i, such that for Vk > K, fix, = g < [1.

Proof It suffices to show that (4) is always satisfied if [ij is larger than a threshold independent of
k. First note that by the adaptive relaxation technique, Azl — ekl =

— 1
Pred;, =gi Az, + iAschkAcck + e (|lex + GrAxg|| — ekl
_ 1 _
=gi Pruy + §U£Pk3kpkuk + 3Gk — Vi) vk + WV vk + vl By Prug

1 i
+ =vivl Brvy, — el cell

2 —
Va Ll
1Bl

Kfed X _
< fdyg, cknmm{Ak, }wugk—m|||vku+vk||wk||uvk||

+ Ve l| Bel| | ||| Prews|| + 57;3”%” | Brllllvkll — fryviellexll

K fed x IVaLil Kfed K fed
= e ||Vwﬁk|!mln{Akv IIEHI - ];C Yellvkllllexll + 26 Viellvkl| | e |
+ 7k||§k = Vfelllvrll + IV frlllvell + vl Be il | Pru |

1 _
+ 5713\\Uk|H\BkHHUkH — Vel cxll-

19
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Using Assumptions 1 and 11, also noting that |[vg| < |GE[GLGE7|||ck|l <
and || Pyug| < Ap < Apax, we have

\//{117"016“?7]&’ < 1,

— d < I VaLls K fed Kk fed
Pred < - ", ﬁkumm{ o Ve ”}— el olllenl] + 7t |

| Bl 2 2\/,1
My RV f KBAmax
+ Ye——|lck|| + V& il + ve——lIck +'Yk Ckll — HEYE | C
m” I+ 20wl + 90 el + g el — el
K fed ~ ? Ek K fed
— = S0y { &y, B 2000,
|| B |l 2
2M1 + 26w + 26BAmax + Kek KBK _
+ 1 Vf BRma c fcd+ Bhe — [ik ’yk||ck||'
2/F1.G 2K1,G

Therefore, if

- 2My + 25y + 26BAmax + Kek fed N KBKe

He = = /*A/“ P,
2, /k1.G 2r1,G6 /
we have
o~ \V4 Ly, R fed
Pred), < R e A [ @7
| Bl 2
It is implied by the computation of vy, that ¢, = —Gpvg, which leads to ||cx|| = [|Grog| <
|G llllvkl], equivalently, [lvg| = |lck||/ |G- Hence,
K fed d Kl d . M Ci
= ol = =" e min B ol < 5wl min{ B JEH - 9

It follows from (47) and (48) that

r— fcd R, IVeLill | Ffed ko el
Pred;, < — |V &Ly || min {Ak, = ||ck || min ¢ Ag, )
’ || Bl 2 Gkl

meaning that (4) is satisfied. At the same time, since we update fi;; by a factor of p in each while
loop, there must be a K < oo such that iy, = fi forall k > K and fig < ji. This completes the
proof. |
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