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Abstract

Distributed optimization algorithms have been widely used in machine learning, especially under
the context where multiple decentralized data centers exist, and the decision maker is required
to perform collaborative learning across those centers. While distributed optimization algorithms
have the merits in parallel processing and protecting local data security, they often suffer from slow
convergence compared to centralized optimization algorithms. This paper focuses on how a small
amount of data sharing benefits distributed higher-order optimization algorithms in machine learn-
ing. Specifically, we consider how data sharing could benefit distributed multi-block alternating
direction method of multipliers (ADMM) and preconditioned conjugate gradient method (PCG).
These algorithms are commonly known as algorithms in-between the first and second order meth-
ods, and we show that data sharing could hugely boost the convergence speed. Theoretically, we
prove that a small amount of data sharing leads to improvements from near-worst to near-optimal
convergence rate when applying ADMM and PCG methods to machine learning tasks. A side
theory product is the tight worst-case bound of linear convergence rate for distributed ADMM
in linear regression. We further propose a meta randomized data-sharing scheme and provide its
tailored applications in multi-block ADMM and PCG methods in order to enjoy both the benefit
from data-sharing and the efficiency from parallel computing. From numerical evidence, we are
convinced that our algorithms provide good quality estimators in both least square and logistic
regressions within much fewer iterations by only sharing a small amount of pre-fixed data, while
purely distributed algorithms may take hundreds more times of iterations to converge. We hope that
the discovery in paper will encourage even a small amount of data sharing among different regions
to combat difficult global learning problems.
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1. Introduction

Distributed optimization algorithms have been widely used in large scale machine learning prob-
lems ([9], [2], [25]). However, in practice, distributed optimization algorithms often suffer from
slow convergence ([12], [24]). In this paper, we mainly focus on the more advanced distributed op-
timization algorithms that utilize the higher-order information of the objective function, including
the multi-block distributed Alternating Direction Method of Multipliers (ADMM) ([5, 9, 11, 13, 15,
17,19, 22,23, 29]) and preconditioned conjugate gradient methods (PCG) ([1, 6, 18, 20, 21]). These
algorithms are known as the algorithms in-between the first order gradient descent method and the
second order newton method. Our work aims at providing theoretical answers to the following
questions: why higher-order distributed optimization algorithms can sometimes have unsatisfactory
performance when applied to machine learning problems, what kind of data structure leads to such
slow convergence, and when data-sharing/randomization can improve the convergence speed. With
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the theoretical guidance, this paper provides a meta data-sharing algorithm that only requires a small
amount of pre-fixed sampled data to build a global data pool. We show that only a small amount of
data share is sufficient to improve the convergence speed. Moreover, by tailoring the higher-order
algorithms to utilizing the global data pool, we are able to enjoy both the benefit from data sharing
that leads to faster convergence rate, and from parallel computing by keeping the main structure of
the optimization algorithms in a distributed manner. In this paper, we consider the following dis-
tributed learning problem. We assume there are b centers, each of the center possesses s; numbers
of observations. We denote (x; j,v;;) € (R™P, R) the j* data pair associate with i’ center,
with data center i possessing X; = [X;1;...;Xis;] € R*P, y; = [yi1;.. ;s € R¥ XL,
and i € {1,...,b}. The decision maker tries to find 3 € RP that minimizes the global loss
function F((X,y);3) = Zi’:l >51 F((xi5, vij); B), where in this work, we focus on the least
square regression f((x;;,vi;);B) = ||xi;8 — vi ;|3 and logistic regression f((x; ;,vi;);B) =
log(1 + exp(—v; ;% ;3)). We provide both the theory and the numerical evidence to show the
benefit of data sharing in higher order distributed learning algorithms. Due to the page limit, the nu-
merical results are provided in the supplementary materials with open source code available online'.

2. Theory
2.1. Distributed Multi-block ADMM Method

Consider the following classic formulation to solve the distributed problem with ADMM by intro-
ducing auxiliary 3; for each local center ¢

b

> i:f((xi,jayi,j);ﬁi)

i=1 j=1 )
st. Bi—B=0 Yi=1,...,b

To apply the primal distributed ADMM algorithm, the decision maker solves the following relaxed
augmented Lagrangian. Let \; be the dual with respect to the constraint 3; — 3 = 0, and p,, the
step size to the primal distributed ADMM. The augmented Lagrangian is thus given by

b

b S
LBLBA) =Y S F(xiyig): B) ZAT B+ 2B P B8 @
i=1 j=1 =1
The primal distributed multi-block ADMM algorithm is given by Algorithm (1). Specifically, when
applying to least square regression, the problem becomes a quadratic optimization with linear con-

straints. Without loss of generality, we assume the data matrix is normalized.

Assumption 1 The regressor matrix X is normalized by its Frobenius norm || X||r, and the small-
est and largest eigenvalue of XX, q and q are fixed, with XZTXi = 0forallie {1,...,b}.

Before introducing the main theorem, we provides an illustrating example on showing how data
structure influences the convergence rate. Consider a simple case with feature dimension p = 1,

1. https://github.com/mingxiz/data_sharing_matlab
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Algorithm 1: Primal Distributed ADMM
Initialization: ¢ = 0, step size p, € R*, 8, € R?, \;; € R?, 3, € RP forall i € {1,...,b},
and stopping rule 7;

while ¢t < 7 do
Each data center ¢ updates 3;1 ; in parallel by

Brr1i = argmingere Y5y f(Xij,ig); Bi) + AL (Bi — BY) + 5(Bi — Br)" (B — Br)
Decision maker updates
Bis1 = ¢ S B+ ﬁ Z?Zl Atir Atr1,i = At + Pp(Bey,i — Biv1)

end
Output: 3, as global estimator

number of centers b = 2 and step size p, = 1. In the first scenario, the original model matrix X;
and the model matrix after normalizing by Frobenius norm, X; are given by

- 0991 o [09 0.7379 0.6708
X1 = [0.01] , X2 = [0.1}  Xi= [0.0075] , Xo= [0.0745] )

Here, as feature dimension p = 1, ¢ = ¢ = 1. If we directly applying Algorithm 1, the linear

convergence rate, which is also the spectrum of the linear mapping matrix, is given by 0.6661.
However, if we just swap the data between data center 1 and 2:

- [0.99] o [o.01 0.7379 0.0075
X1 = {0.9] X2 = [0.1] K= [0.6708] , Xe= [0.0745} @

The convergence rate of applying Algorithm 1 now becomes 0.5264. In fact, one could show that,
for primal distributed ADMM the worst case convergence rate is 0.6667 and the best convergence
rate one could possibly achieve is 0.5 under primal distributed ADMM with number of data centers
b = 2 and feature dimension p = 1. Here, data structure significantly influences on the convergence
rate of primal distributed ADMM - swapping one entry of data leads to the improvement from
near-worst to near-optimal convergence rate. Generally, one could show that

Theorem 2 For p, > q, the linear convergence rate of distributed ADMM is upper bounded by

bsfiq, and the worst-case bound is achieved when XZTX1 = X?Xj foralli,j € {1,...,b}.

Theorem 2 provides the tight worst-case bound on the convergence rate of distributed ADMM. To
our knowledge, this is the first result on providing how data structure influences the convergence
rate, and a tight worst-case bound on the convergence rate of primal distributed ADMM with fixed
model matrix conditioning ¢ and ¢. The detailed proof is provided in appendix. The sketch of proof
is that, we first show that when X7 X; = XJTXJ the convergence rate of distributed ADMM is

bpp
bpp+q
eigenvalue of M, is real, which is not trivial as M, is non-symmetric. And one could apply the

matrix Jensen equality to further prove Theorem 2. The higher level intuition lies in the intrinsic
updating rules of distributed ADMM that involves taking average of local auxiliary variables when
updating the global variable 3 and the dual variables \;. And updating the local auxiliary variables
is based on taking the inverse of the local covariance matrices. When X7 X; and X]TX]- are closer,

. To show that such convergence rate attains the upper bound is harder. We first show that the
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averaging the inverse of the local covariance matrices provide smaller momentum on pushing the
dual variables to converge to the KKT point.

With the previous theoretical guidance, we further show the benefit of higher-order optimization
algorithm compared with gradient method. The following proposition shows that for a wide range
of step-size choice, distributed ADMM converges faster than gradient descend method.

Proposition 3 For p, € (0, s1) U (s2,00), distributed multi-block ADMM converges faster than

_ 2b—qg++/4b2+(dq)?

-4 Q1> ) 52 207 , where q is the

gradient descend method, where s; = min (

I [=

smallest eigenvalue among all X,L-TXZ-.

2.2. Preconditioned Conjugate Gradient Method

Consider the case where we have two data centers, both possess s observations with feature dimen-

sion p = 2. Data center 1 possess (X1,y1), and X1 = [x};...;x};...;x}] with x} = %(1,@-).
Data center 2 possess (X2,y2), and Xo = [x3;.. .;x?; ...;x7] with XJQ- = %(1,{7). & and §;

are i.i.d. Gaussian random variables ¢; N (0, 1) and e2 N (0, 1). In order to perform least square
regression, one need to solve the linear system of Z?:l A; = b, where

b

1 1

A1 =XiX, = [cu 211] A2 =XiX = [ag Zz] b= ZXzTyZ (5)
i=1

with a1 az following gaussian distribution N (0,1), 2N (0, 1) respectively, and b1, by following

2 2
chi-squared distribution I%Xb and Z%Xb respectively. As the number of observations s increases, A

and A converges to
1 0 10
m=lo & w=lp g ©

Letey = é, and take €; to be small enough, one have without data sharing, the local preconditioning

matrix at data center 1 is given by H; = (X7 X;)7?, and the conditioning number of H; A is
241
262 .. . .

conditioning number of Ho A is

. And the local preconditioning matrix at data center 2 is given by Hy = (XgXQ)*l, and the

H%‘ Simply aggregate the local preconditioning matrix provides
H;,..; = Hi + Hy the conditioning number of H; ., A is %. However, with any linear
fraction amount of data share, if we construct local preconditioning matrix with global data share
as HY = (%XZTXZ + Z#i %XgXai)*l, with Hyjopar = Z?:l HY, one could show that as s
increases, the conditioning number of H ;o5 A converges to 1. This result implies that data sharing
helps providing an unbiased estimate of the Hessian, which further boost the convergence speed. In
the numerical results, we consider different centers have different data distributions and show that

the data sharing also benefits PCG.
3. Algorithms Design and Numerical Results

In this section, we describe the sampling procedure to enable data sharing across local centers.
The meta data-sharing algorithm is simple and easy to implement — it samples a% of data uniform
randomly, and build a global data pool with the sampled data. The benefit of having a global data
pool is two-folded — (a) it allows the decision maker to have the freedom on changing the local data
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structure; (b) it allows the decision maker to have an unbiased sketch of the global higher order
information of the objective function. Due to the page limit, we present the following two figures to
show the benefit of small amount of data sharing in multi-block ADMM and PCG method. In the
supplementary material, we provide more results on showing the benefit of data sharing for linear
and logistic learning tasks.

3.1. Multi-block ADMM
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Figure 1: Comparison between distributed multi-block ADMM and multi-block ADMM with data sharing, with a
being the fractional amount of data shared, « = 0.01 implies sharing 1% of data. Left : Relationship
between percentage of data shared and the time required for convergence. The required time for converging
to the same target tolerance level with no data shared is 2403.72 seconds. Right: Relationship between
percentage of data shared and the number of iterations required for convergence. The required number of
iterations for converging to the same target tolerance level with no data shared is 3952. In this case, 1% of
shared data provides 10 times speed up.

3.2. PCG method
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Figure 2: Comparison of PCG algorithm with/without data sharing
4. Conclusions

This paper studies the benefit of data exchange distributed optimization and learning, with focus on
multi-block ADMM method and reconditioned conjugate gradient (PCG) method. For future work,
analysis on how the convergence speed depends on the percentage of data shared is an exciting
on-going theory work. In practice, we are interested in applying a small amount of data sharing
algorithms to other higher-order distributed optimization algorithms. We hope that the discovery
resulted from this paper would encourage even a small amount of data sharing among different
regions to combat difficult global learning problems.
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5. Supplementary Materials : Appendix on Proofs

5.1. Proof on Theorem 2

To prove Theorem 2, notice that the mapping matrix of primal distributed ADMM is given by

~1
M,=1-P—®+2®P, where & = <I + éD) . Let X € eig(M,), and v be the eigenvector
associated with A, we have ) and v satisfies

I-®+(2® —T)P)v = \v 7
For all block ¢ € {1, ..., b}, equation (7) becomes

(I — (I)Z)Vz + (243'Z — I)V = \v; V1, (8)

—1
where ®; = (I + éDi) ,vi € R**1lis the i*" block of v (the {s(i—1)+1, s(i—1)+2,...,si}t"

row of v), and v = % Zle v; is the average of v;.
We first give the proof of a special case where D; = D forall ¢, j € {1,...,b}. Later we show
that, such data structure is indeed the worst data structure for the distributed ADMM with fixed ¢

and ¢ when p;, > q. Let X be the model matrix with D; = D, = %XTX, equation (8) becomes

1 —1
I—<I+1XTX> vi+ 2<I+1XTX) —I|v=X\v; Vi 9)
bpp bpp

Let M be the primal distributed mapping matrix under the data structure where D; = D for all
i,7 € {1,...,b}, and let A and v be the eigenvalue and eigenvector pairs of M, the following
lemma holds.

Lemma 4

bpp(1 —A)
A

bppA
1—A

A # 0 € eig(My) € eig(XTX) or eeig(XTX) (10
Proof. Suppose A # 0 € eig(M;), let A and v be the eigenvalue and eigenvector pairs of M.
Consider the following two cases:

Casel. v = %Z?:l v; # 0.

Sum over equation (9) across centers ¢ and take average, one have

1 o \"!
(I + XTX> V=V (11)
bpp
With some algebra
o bpp(1 — A
XTXv = pp(A )¢ (12)

Since v # 0 and A # 0, we conclude that M}f)‘) € eig(XTX). For the other direction,
suppose w € ez’g(f(TX), let w and v be the eigenvalue eigenvector pair of XTX, we
have A # 0 and v # 0. Let v; = v for all 4, it’s easy to verify that A and v; = v satisfies equation
(9) for all i. Hence, A # 0 € eig(My)
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- _ 1y
Case2.v=1;>.  v;i=0
We first claim that if A\, v are eigenvalue eigenvector pair associated with Mg and v = % Zle v =

0, then A # 1, so % is well-defined. To see this, suppose A = 1 € eig(My) and the associated
eigenvector pair v satisfies v = 0, (9) becomes
1 cpa\ ! _ 1 cpa\ ! ,
2(I+ —X*X —I|v=(I+—X"'X A\ Vi (13)
bpp bpp

With some algebra one have

1 mm
v; = <I — XTX> 7 Vi (14)
bpp
As v =0, v; = 0 for all 7, which contradicts to the fact that v is the eigenvector of M ;. Hence
when v = 0, if A € eig(M,), A # 1. And %22} is well-defined.
Take any non-zero v; (which exists as v # 0), equation (9) becomes

1 -\ !
I- (I + XTX> Vi = \v; (15)
bpp

With some algebra

. bppA
XTXv; = 1p_pAvZ- (16)
Since v; # 0 and X\ # 1, we conclude that li”fi‘ € eig(XTX).
bppA

For the other direction, suppose 75 € ei g(XTX), let v be the associated eigenvector pair, one

have A # 1. Letv; = vand v; = —ﬁ{r for all j # i, we have v = % Zle v; = 0, and it’s easy

to verify that \ and v satisfies equation (9) for all <.

With lemma 4, let ¢ € ez’g(f(TX) and A € eig(M;), we have A = bjfiq or \ = bpj—i—(]' As

XTX has fixed largest eigenvalue ¢, p, > gand b > 2, b;:) -ij > 5 pj 5 As XT'X has fixed smallest
eigenvalue g, the spectral radius of My is given by

bpp

S (17)
bpp + ¢

p(M)
To prove Theorem 2, we first introduce the following lemma to guarantee that the eigenvalues
of mapping matrix M, is in the real space for p, > q.
Lemma 5 Let A\(M,,) be the eigenvalue of mapping matrix M, with p, > g. A(M,,) € R

Proof. Note M, = (I — ®) + (2® —I)P, let S = 2® — I, S is a block diagonal matrix with
-1
each diagonal block ¢ given by S; = 2 (I + éDz) — 1. For p, > q, S; = 0 for all blocks .

To prove this, let ¢; € eig(D;), since p, > ¢, we have the spectral radius of p (éD,) < 1, and

k
the Neumann series exist, with S; = 2 Zzzo(—l)k (éDi) — 1, so S; is a polynomial function of

D;, and the eigenvalue of S; is m —1>0.

10
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Since S; > 0 for all ¢ and S is a block diagonal matrix with S; > 0, S > 0, and there exists an
invertible matrix B € R**® uch that S = BT B. Note that M,,S = (I-®)S+(2&-I)P(2®-1I)
and SMZ =SI—-®)+(2® —I)P(2® —I). Since S(I — ®) = —I + 3P — 2®2, and P is
symmetric, S(I—®) symmetric, and M,,S = SM. Equivalently, B~'M,B = (B~'M,,B)”. Let
X and v be the eigenvalue eigenvector pair of B~1M,,B. Since B~'M,,B is symmetric, A e R,
and B"'M,,Bv = A¥v. Hence ) and Bo # 0 are the eigenvalue eigenvector pair of M,,, and
A(M,) € R.

With Lemma 5, we could transfer the spectrum of M, to the eigenvalues of M,,, and we prove
theorem 2 by contradiction. From convergence of distributed ADMM (e.g. [8], [16], [26], [31]),
p(Mp) < 1.

Suppose that p(M,,) > bpb;:%q' This implies there exists A € eig(M,,) and \ € ( b;’;’ it 1) or

re(—-1,—- bop_) We start prove by contradiction for the two different cases.
bpp+q

Case 1. Suppose \ € eig(M,) and \ € (bsﬁq’ 1)-

Wb(xTx)’ 1) and A is the eigenvalue of M,. Let

v = [vi;...;V;;...; Vp] be the eigenvector associated with A. A and v satisfy equation (8). Sum
over all the b equations and taking the average on both side, we have

Proof. Suppose there exists A € (

b

Besides, from equation (8), if A € eig(M,,), with some algebra

(1 =NI—@i)v; = (I-2®;)v 19)
Following the assumption that A € (bpb: vl 1), (1 — \)I — ;) ! exists. To see this, notice
—1 —1g-1 1—A -
(1=NI—@) ' =-A"'& ! (1- D;] . (20)
APp

b b _ . .
As bp:ig > 1, suppose A € (bpﬁg, 1), A € (3,1), and ﬁ € (0,1). And since X is
normalized by its Frobenius norm, eig(X?X) € (0, 1), so eig(D;) € (0,1), (I - %Di) = 0,
and the inverse of (I — %DO exists. In fact, following the notation of [27], (I — %Dz) 18
-1

a M-matrix, so its inverse exists with ( — %DZ) > 0 and (I — %Di) is inverse positive.
Hence ((1 — A\)I — ®;)~! exists, and

vi=(1-MI—&;) (1 -2®;)v Q1)

Notice that v #£ 0. If v = 0, v; = 0 for all ¢ and this contradicts with the assumption that v is
the eigenvector of M. Plugging equation (53) into (18), one have

b
D 2B - ®i((1- ) - ®;) (I —28)]v=\v (22)
=1

S

11
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With some algebra,

28, — ®;((1 -\ — @) (I —-2®;,) = -2\ - 1)®;(1 - NI - &) !

= -2 - 1&((1- 027" ~D@;) ™' = 2\ - 1) <>\I - (lp_ /\)Dz’> -

one have equation (22) becomes

, B
%Z [(n —1) ()\I G A)Di) 1] V=V 24)

Pp

Let

b _
X, v) =v" (2 > [(Qt —1) (tI - (1/)_ ) Di) 1]) v—tv'v (25)
i=1 p
€

where v is the transpose of v and v € RP*!. Let X be the associated model matrix of M,, the

following relation holds
A € eig(M,) = there exists v € RP*! # 0 such that f(\|X,V) =0 (26)

To see this, let A and v be the eigenvalue eigenvector pair of M, since A € R and M,, €
RP*P g0 v € RP*X! Letv = Z?Zl v;, from equation 53, v € RP*! #£ 0, and it’s easy to verify
that f(A\|X,v) =0 for A € eig(M,) and v.

We further prove \ ¢ ( ppb 1) by showing that for all ¢ € ( ppb 1) and any v # 0,

ppb+q’ ppb+q’
f(t|X, v) > 0, which contradicts to (56), hence if A € eig(M,,), A < b/?fiq'
Let X be the model matrix such that D; = D; for all {i,j} € {1,...,b} and let f = bs,fiq'

By Lemma 4, € eig(M,), and f((|X,¥) = 0, with v = 3 Zle viand v = [vi;...; V... V)
the associated eigenvector to ¢. We propose the following claims to show that for all ¢ € (¢, 1),
f(t|X,v) > 0 for all X satisfies assumption 1 and v # 0.

Claim 1: f(t|X,¥) > 0 for all v # 0.

Proof. When D; = D forall {4,j} € {1,...,b}, we have

o\ =1
- 2t — 1 1-tXTX ~
fEX,v)=v" [ ——= [I- = —1I|v 27)
t top b
It’s sufficient to show that
2 — 1 —rxTx\ "
_  [—— —tI>=0 (28)
t tpp, b
Note t = bpb;) iﬂ, (28) is equivalent as
-1 2 9
4 1% ) by
- = XTx) =" g (29)
( bp; oy~ ¢
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Note that the spectral radius of %XTX, p (bggp = XTX> = % < 1. Hence the Neumann
P P p

o\ —1 -

series exists and ( bggp 5 XTX> could be write as polynomial of X7 X. And let § be the eigen-
P
o~ ~ . ~\—1 2 2

value of XTX the eigenvalue of (I — bQ%XTX> is given by bgl;zip_”@, which is lowerbounded

P x4

by b2 2 ek So (29) holds and f(t\X v) > 0.

Clazm 2: f(t|X,v) > 0, with strict inequality holds when D; — D is non-singular for all i and

Proof. Note for any X = [Xy,...,X;,..., X and v # 0,

FE1X,v) = (2tt [22 <I— 1t;p£) ) ] - tI> v (30)

=1

We first show that for any X = [X1,...,X;,..., X and v # 0,

-1
o 2t—1 |1 (1 f) -\
11X, v) v [ =— |- I--— —t1 31
Fx.e) -5 | 2 [bz( - )] v 61)
2t (s (100 0p) [ (0] s
t b top " b top -
And when D; — D, non singular
211 -0 -
1X,v) - v | =— |5 I- —tI|v 33
fEX,v) = v - [b;< 0 >] v>0 (33)
Since t > 2-1 > (. It’s sufficient to show that
—1 b _ -1
1 1—1t
; ol I——D; 34
bz( tpp ) (b; top ) oY

and when D; — D is non-singular for all ¢, j € {1,...,b},

bz( oy ) (ZI_ top )1 3

To prove this, we notice that matrix inverse is a (strictly) convex operation. Specifically note
. —1
that (I — %Di) > 0 for all 7. Following the [3], for positive definite matrix X and Y, with
a € |0, 1], the following identity holds

X '+(1-a)Y ' —[aX+(1-)Y] '=al-a)X (Y -X)Y oY "+ (1 -a)X Y (Y - X)X !
(36)
Sofora € [0,1], X, Y =0

X 14+ (1-a)Y - [aX+(1-a)Y] ! (37)

13
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with the following equation holds when o € (0,1) and X — Y non singular
X T4+ (1-a)Y ' = [aX+(1-a)Y] ! (38)
By induction on applying (37) and (38), we prove (34) and (35). We further show that,

- b
pf2-1]1 (=D ).
Vi = [b;(l T D; tI|v>0 (39)
Note
p(2—1]1 g S\ 21 1-HxXT™X]" ).
( - [bZ;(I— T )] —t1>v_v< : [I— A } —iI|v
(40)

It’s suffice to show

__ . T —1
21l U=HX X oy A1)
t top b

Following (29), this is equivalent as showing

. —1 b2p2
- L x7x e | (42)
< b2 2 ) prI% _ QZ

2.2

—1
Similarly, let ¢ € eig(X?X), the eigenvalue of (I — W%XTX> is given by bf% which

2
is lowerbounded by b2b2 7z So (42) holds, hence we prove (39) holds. And we finish the proof on

Claim 2.

Claim 3: f(t|X,v) > 0forallt € (t,1), X and v # 0.

Proof. Firstly, notice that given X, f(¢|X, V) is a twice differentiable continuous function on
tfort € (z,1),and f(1|X,v) = 0. Furthermore,

—1 b —1 —1
% o7 [ ZZ(t ) _2;(2t—1)(t1—1f;tDi> <I+éDi>(tI—1f;tDi> —I]v

43)
When t =1,

of (X, v)
ot
And with some algebra, the second order derivative with respect to ¢ is given by

2 < b _ -1 - -
Pi%T) _ Tﬁz@_l 'p) w (- tn) ] as)

i=1 Py Pp

lt=1 = [bp XTX] v<0 (44)
D

<

where

-1
M;:—2(I+Dl>+(2t71)( DZ) (tIfl_tDi) (I+D1)
Pp Pp Pp Pp
2 —1
:72(I+D1)+(2t—1)(I+DZ) (tIfl_tDi)
Pp Pp Pp
-1 2 2 -1
= (tI— l_tDi) -2 (I-}-&) (tl— 1_tDi> + (2t —1) <tI— 1_tDi) (I—i— DZ) (tI— 1_tDi>
Pp Pp Pp Pp Pp Pp

(46)

14
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-1
The second and third inequality comes from the fact that (I + ) and 1) commute.

(-
) )1 ) 2
L5 o0 4)
) ()

=0 Pp

(47)

And

P(UX,9) _ g |2 b < >—2 ( 1—t >—2 )
IIHANY) _gri2N~ (- ~"'p,) M, (a--"'p,) |+ (48)
or? bz Pp Pp
where

A B 2 _ N 2
M, = 2 <1+ DZ) <u_ ! tDi> -1 (tI— ! tDi) <1+ DZ) (49)
Pp Pp Pp Pp

Note that M; is a polynomial function of D;, with M; = P(D;), where

P(z) = (f): - 1) < (1p; ”) (50)

Let \; € eig(D;), we have P()\;) € eig(M;). And for \; € (0,1) and ¢ € (%,1), P(\;) <0,
hence M, < 0 for all ¢, and

D*f(t)X,v) 1
T <O, fort € <2,1> (51)

Combining the fact that £ > L, f(f]X,v) > 0, and f(1|X,v) = 0, 2UX3) || o EIOXY)

0, f(t|X,v) > 0forall t € (£,1), and we finish the proof of Claim 3.

Suppose A € eig(M,) and A € (b;fiq’ 1), there must exist v # 0 such that f(A\|X,v) =

0. However, for all ¢ € (bg’iq,l) and v # 0, f(¢|X,v) > 0. Hence if A € eig(M,), A ¢

(bﬁpp iq, 1). And we finish the proof by contradiction for Case 1.

Case 2. Suppose ) € eig(M,) and \ € <—1, — e )

bpp+q
Proof. Similarly, ((1 — A\)I — ®;) ! exists. To see this, notice

-1
(1=NI-&,) = -21o! (I — 1;0 )\Di> . (52)
p

As (I — %DZ) is positive definite, the inverse exists. And
vi=(1-MI—-&;)'(1-2®,)v (53)

15
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Hence we have v #£ 0, as if v = 0, v; = 0 for all ¢ which contradicts to v; is a valid eigenvector.

Let
F(t1X,¥) ( [ZMD (54)
where )
A 2t —1 1—t -
M; = I-— D; —tl1 (55)
t tpp
The following relation holds
A € eig(M,) = there exists v € RP*! # 0 such that f(\|X,v) =0 (56)
For t € (—1, —b:;f’ iq), I- tD > 0, so the inverse is also positive definite, and 2.1 > 0, so
M, = 0 for all 4, and f(t\x,v) > 0forallt € (—1, _bpb;)iq) and v # 0.
Hence if A € eig(M,), A ¢ (—1, — b;’f iq). We finish the proof by contradiction for Case 2.
. . .. - bp bp
With the previous proof on contradiction, we conclude that A ¢ (— 5o iq, 1) and \ ¢ (—1, oy iq) .

Hence for p, > g, the convergence rate of distributed ADMM is upper bounded by bb - and the
upperbound is achieved when D; = D; forall 7,5 € {1,...,b}

5.2. Proof on Proposition 3

We first show that for p, < ¢1, the convergence rate of distributed ADMM is upper bounded by

p+q Let A € eig(M,) € R. Tosee why A € R, note M, = (I-®)—(I-2®)P,let S =129,

-1
S is a block diagonal matrix with each diagonal block ¢ given by S; = I — 2 (I + iDZ) . For

-1
pp < q1, we show that S; > 0 for all blocks i. let g; € eig(D;), > +q € eig <<I + éDO >

hence £ op +’; L ¢ eig(S;). Since p, < g1, S; > 0. And S > 0. There exists an invertible matrix
B € R such that S = BTB. Note that M,S = (I — ®)S — (I — 2®)P(I — 2®) and
SMI" = S(I- @) — (I-2®)P(I—-2®). Since S(I - ®) = I - 3® + 22, and ® is symmetric,
S(I — ®) symmetric, and M,,S = SMZ. Equivalently, B-'M,B = (B~'M,B)”. Let ) and
¥ be the eigenvalue eigenvector pair of B~'M,,B. Since B~'M,,B is symmetric, A\ € R, and
B~'M,Bv = Av. Hence A and B% # 0 are the eigenvalue/vector pair of M,, and A(M,,) € R.

Since p(M,) < p(3M,, + %M;), define M, as

~ 1 1. 7
MngMp+§Mp:I—<I>+<I>P+P<I>—P (57)
and let A and v = [V1;...;Vp] be the associated eigenvalue eigenvector pair of Mp, we have \ and
v satisfies )
I-®+®P+PP—-P)v=)\v (58)

Multiply P by both side and let v = Z?Zl v;, A and v satisfies

1 _qe
POPv =)\Pv, - Z P,V =\ (59)

16
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We consider two cases, v # 0 or v = 0.

Casel.v # 0 R X

Since v # 0, from equation 59, A\ € eig(M,) implies A € ez’g(% >_; ®;), and by Wely’s
theorem,

1 1
M IEES LY (60
j J
And let g1 = min;—y__p
Pp :
p(®;) < Vj 61
Hence P q
p(My) < p(Wp) < 22— < T (©2)
(Mp) < p(M) ppta Pyt
Case2.v=0

Since v = Pv = 0, let \ € eig(Mp) and v be the unit eigenvector (v'v = 1), the following
equation holds X
I-2+PP+PS2-P)v=I1-S+PP)v=)\v (63)

As P = PT multiply both side by v’

1—viev+Pv)Tev=)\ I=1-vi®v (64)
Let go = max;—; . p(D;), by the fact that & — I =0, \is upperbounded by
X:l—vT@vg1—p7p (65)
Pp+ Q2

Since § = p(XTX) > ¢q, one have

2 Pp Pp q
p(My) < A<1-— <1-— - _ (66)
(M) pp + @2 Pp+q  pp+7

We proved that for p, < g1, the convergence rate of distributed ADMM is upper bounded by #;q.
As Mgp =1—- prTX the convergence rate is given by max{1— ppq ppcj 1}. First, consider

Pp > q, the upper bound on convergence rate of distributed ADMM is b . And for p, > qiq

_ 2b—gq+4/4b%+(q9)?

max{l — ppq,ppq — 1} = pg — 1. It’s easy to verify that for p, > sy = b7
< pq—1. Also, note that sy > = > ¢, hence p(M,) < p(Mgp). This implies for step size

bs +q
pp > s2, fixing same step-size, prnnal dlstrlbuted ADMM converges faster than gradient descent
for any data structure.

For p, < g1, the upper bound on convergence rate of distributed ADMM i is >z - For pp qiq ,
max{l — p,q, ppqd — 1} = 1 — ppq. It’s also easy to verify that for p, < s1, 1 — ,opg > m. Hence
p(M,) < p(Mgp). This implies for step size p, < s1, fixing same step-size, primal distributed
ADMM converges faster than gradient descent for any data structure.
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5.3. Proofs on primal distributed ADMM and dual distributed ADMM shares exactly same
convergence rate

Proof. We need to show that the dual parallel algorithm could be represented as a linear system
with mapping matrix My, such that My = M, = (I =P — p,(D + p,I)~})(I — 2P).

Introducing the auxiliary variables, the dual distributed ADMM solves the following optimiza-
tion problem under the same partition of blocks with X = [Xy;...; X, andy = [y1;...; Y-

b
. T T
min B Elti ti+y; t;
P

st. Xl'ti—v;=0 (67)

b
ZV,‘ =0
=1

Let p4 be the step size with respect to the augmented Lagrangian, the augmented Lagrangian of the
dual problem is given by

b

b

1

Litivi B) = 5 D tTti+ Tt = BT (X[t = vi) + > ELXTt = vi) (X[t = vi) (68)
=1 =1

And the updating follows the rule
(paXiX] + DT =pgXvf +Xi8" —

2

b
1
k+1 T4k+1 k+1
v =Xt — — E X;t"
1 71 b — (e} (69)

b
Pd
gt =gt - 5D Xt
=1

Introducing p; = XZ-TtZ-, we have updating tf“ is equivalent as solving the following linear
equations
tH 4 Xt =pXovE + X8 —

(70)
uéc+1 :X;It§+1
Rearranging
i = — paXap T+ paXovi + XiB" — (71)
pi = — paXIXp 4 p XTI X v+ XTX, 8% — XTy,
And 69 is equivalent as
(paXi Xi + D =paXT Xvi + X7 X" — Xy
b
1
S
j=1 (72)

b
Pd k41
ﬂk-i-l :Bk . 72“7
b 2

18
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Letn'*!' = pgu**! — B*, where pir1 = [pr;- s pis s m) € R and B = [B% .. 8%...; 8" €
RIPX1 pk+1 s sufficient to capture the dynamic of the system. And the system follows

b

2 3 d

B+l —gk _ % Zu;?Jrl T
j=1

k+1 _ k1 k1 _ L k1 (73)
v =pt —Ppt = —(1-P)n
Pd
n* =pap” — B = pgv* — g
where vFt1 = [v&T1, vf“; ces VI;—H]. Since the system can be represented by 7, let ¢; =
XTy;, and ¢ = [cy;. .. ; cy] the mapping of 7 follows

(paD + Dt =pyDvF + DB — ¢
p 1 =(pD + 1) 'D(I - P)n* — (puD + 1) 'DPn* — (p, D+ 1) 'c  (74)
=(paD +1)7'D(I - 2P)n* — (paD + 1) "¢
And k+1 k+1 2
n* T =paputT - BF
=pa(paD +1)7' DI - 2P)n* + Pn* — py(paD +1)"'c (75)
=[(D + pgI) 'D(I - 2P) + P|n* — pa(psD + 1) 'c.
We further have M, is given by
M, = [(D +1/pg) 'D(I - 2P) + P]. (76)
When pgpp, = 1,
M, = [(D + p,I) 'D(I - 2P) + PJ. (77)

It’s sufficient to show that M, = (I — P — p,(D + p,I)"1)(I — 2P) = M.
Notice that (I—P)(I—2P) =I—P, and My = (I— P — p,(D + p,I)~1)(I — 2P).it’s suffi-
cient to show that

I-P — py(D+ppI) ' (I-2P) =(D + p,I)"'DI - 2P) + P, (78)
which is obvious as

I
I—pp(D+ PpI)_l
I-2P —p,(D+p,I) ' (I 2P)

(D + ppI)(D + PpI)71
(D +p,1)"'D (79)
(D + p, 1) 'D(I - 2P)

where the second equality holds because (D + p,I)7'D = D(D + p,I)~!, as D and (D + p,I)~*
are both symmetric. And by proving My = M,,, we finish the proof on proposition 8.
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5.4. Proof on dual RP ADMM converges faster than dual distributed ADMM under
worst-case data structure

Consider the following optimization problem

17 T
—t°t t
mtm2 +y

(80)
st.XTt =0
The augmented Lagrangian is thus given by
1
L(t,B) = 5Tt +y"t - BTX' + %tTXXtt 81)
Each data center ¢ possesses (X;,y;) withi = {1,...,b} data centers. Consider the following

RP multi-block ADMM algorithm

Algorithm 2: RP ADMM for solving (80)
Initialization: ¢ = 0, step size pg € RT, t; = [t};...;t};...;t}] € R™, B; € RP, and

stopping rule T;
while t < 7 do
random permute update order o (b) = [01,...,0,...,0p];
while i < b do

Data center o; updates t7; ; by
tng = argmingo; L([t%ﬂ; . ;tfj_}l; t‘”;tfiH; Lt B

end
Decision maker updates ;11 = B¢ — paX ' ty1;

end
Output: 3, as global estimator

We prove that when p; = 1, under worst case data structure, dual RP ADMM in expectation
converges faster than dual distributed ADMM for 2, 3 and 4 block ADMM. Our proving technique
requires solving the polynomial function of degree equals to number of blocks, and we focus on
the case where the polynomials have analytical solutions. The reason we take p; = 1 is because,
when pg = p, = 1, the dual distributed ADMM shares exactly same convergence rate as primal
distributed ADMM, and we could utilize the previous theorem in order to fairly compare the con-
vergence rate of primal algorithm and dual algorithm by separating the effect of step-size choice.

Theorem 6 For p, = pg = 1, under the data structure of D; = Dj for all i,j € {1,...,b}, the
expected convergence rate of dual RP ADMM is smaller than the convergence rate of distributed
ADMM for b € {2,3,4}

The sketch of proof is as follows. To prove theorem 6, we show that for any random permuted
update order across blocks, the spectrum of linear mapping matrix under cyclic ADMM is upper
bounded and is smaller than the distributed ADMM. We then use Weyl’s theorem to show that the
spectrum of the expected mapping matrix of RP-ADMM is upper bounded by the average of the
spectrum of cyclic ADMM. In order to prove Theorem 6, we first introduce the following theorem
to provide the tight upper bound of linear convergence rate of cyclic ADMM.

20



How A SMALL AMOUNT OF DATA SHARING BENEFITS HIGHER-ORDER DISTRIBUTED OPTIMIZATION AND LEARNING

Theorem 7 For pg = 1, under the data structure of D; = Dj for all i,j € {1,...,b}, the
convergence rate of dual cyclic ADMM p(M..) is unique solution to the function f(x) = q, where

@ 22 — 1\ /°
= 1—
with b € {2,3,4}. Moreover, dual cyclic ADMM converges faster than distributed ADMM under
such data structure with p, = pg = 1.

Proof. Without loss of generosity, in this proof we consider the ascending update order from
block 1 to block b. Similarly, introducing p; = X;‘Ftl we have at period k, updating tf“ and gF+1
is equivalent as

) b
paXI X | D bt > |+l = XX - Xy
j=1 Jj=1+1 (82)

b
IBk+1 — ﬁk o pdzpf+l
i=1

We first show that Let L be the lower block triangular matrix with L; ; = X?XZ for 7 < 4, and
L; ; = 0 for j > 4. For example, when b = 3, one have

xXTXy, 0, 0
L= [XIX, XIX,, 0 (83)
XIXs, XIX3, XIXj

Following same definition on P and D, and let E = [I,;...;I,] € RPX%P b+l = [ph+L, ulgﬂ] €
R'>*1 one have the previous updating system could be written as

T+ pgL, 0] [ [(@+ pgL) — (I + pgp®P) SE] [p” XTy;
paBT, 1 ,Bk"H o 0 I ng‘ - (84)

And the linear mapping matrix of cyclic updating is given by

(85)

M. = [ (I+pal)~t, 0] [(I+de) — (I1+ pab®P) @E}

—pdET(I+pgl)~h, 1 0 I

By the fact eig(AB) = eig(BA) for matrix A, B € R™*", it’s suffice to consider the eigenvalue
of the following matrix

A — [(1 + paL) — (I + p,b®P) @E] [ (I+ paL)~2, 0} _ [I — (14 2p:b®P)(1+ p,L)~* BE
¢ 0 I||—pEX(X4p L)Y, 1 —pET(I+ pgL)~! I
(86)
We have, when p; = 1, one have

C

,  [(L-202P)I+L)"! ®E
Me= { ~ET(I+L)! I }
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Let v = [v1; Vo] be the associated eigenvector pair of A, the following equations holds
(L —20®P)(I+ L) 'v; + ®Evy = \vy

87
—ET(I + L)flvl 4+ vy = Avy &7

Under the data structure of D; = D; for all 7,5 € {1,...,b}, we first prove that A # 1. Suppose
A =1, one have
—ETI+L)'vi=0 (88)

which implies
LI+L) vy + ®Evy = vy (89)

Firstly, vi # 0, if vi = 0, one have ®Evy = 0, which implies vo = 0, and that contradicts to
v = [vy; Vo] being an eigenvector. Let m = (I + L)~ !vy, one have ®Evys = m, and by equation
(88), Pm = 0, and P®Evy = ®Euv,, hence P®Evy; = PEvy = Pm = 0, which implies vy = 0,
and one have m = 0. This ontradicts to v = [vy; va] being an eigenvector, as m = 0 impiles
vi =0 given (I+L)~! >~ 0.

Since A\ # 1, one have

1
vy = ﬁET(I + L) vy (90)
substituting v into previous equation,
1

(L —20®P)(I+ L) ‘v + ﬁq>EET(I + L) vy = vy 1)
We claim that vy # 0, if vi = 0, v = Avo, since A # 1, vo = 0 which contradicts to the fact
that [v1, vo] is an eigenvector. We then introduce m = [my;...;m,] = (I + L)~ 'vy # 0 where

m; € RP*!. With some algebra, one have
(1 —XA)*Lm + (2\ — 1)b®@Pm = A\(1 — \)m 92)

Let D = XTTX = D, for all 4, this implies for all i € {1,...,b}, one have the following
equations holds

(1=X2)’DY mj+(2A-1)D> m; =A1-ANm; Vi (93)
j=1 j=1
and Lo
We first show that my # 0. Suppose my, = 0, one have from the b equation in (93),
b
XD m; =0 (95)
j=1

since we consider non-zero eigenvalues, and by the fact D = 0, equation (95) implies that 22:1 m; =
0 which further implies for the (b — 1)** equation, one have

b—1
(1=X)°D) my = A1 — \)my,_; (96)
j=1
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Since my, = 0, Z] |mj = 2221 m; = 0, and m,_; = 0, by the induction one would have
m = [my;...m] = 0 which contradicts to the fact that m # 0. With some algebra, one have
equations (93) implies that

& Ao\
DZ(I—D) m, = my 97)

Let M) = :2;D Z;’.zl (I- %D)b_j, one have if A € eig(M,), 1 € eig(M,). Moreover, since
M, is a polynomial function of D, let p € eig(D), the eigenvalue of M), is given by

A2 1-2\°
AN (5 . 98
<1—A>2< ( Ap>> o9
Andif A # 1 € eig(M,), A is the solution the following equation with p € (0, })

b
1—)\) 72)\—1 (99)

= (1-152) - 25

Since the function is of polynomial degree b, for b = {2, 3,4}, by the closed-form solution of
polynomials, one could check that the largest solution (in absolute value) not equal to 1 is given by
the unique solution to the function f(x) = ¢, where

N1/
f(z) = 1fx (1 - <2mx2 1) ) . (100)

With some algebra, one could also show that for b = 2,3,4, f/(z) < 0 and f(z) is monotone
decreasing for z € (3, 1). Further, for distributed ADMM, by Theorem 2, for p,, = 1 the spectrum
of distributed ADMM mapping matrix is given by ﬁ. Plug the spectrum of distributed ADMM

into f(x), one have

<q (101)

f< b ) b(1 — (1 —¢*/b*)"")
b+q N q
To see this, one have

2 2 2 1/b 2 /32\1/b
b(1 1 b

2

1-=—x1

- = 102
; ) <q (102)

q 1

Hence, dual cyclic ADMM converges faster than distributed ADMM under such data structure with
Pp = pa = 1. While we conjecture similar result holds for general b, when b > 4, there is
no explicit expression for the solution of higher order polynomials. One could further show that
the expected mapping matrix of RP-ADMM is the average of cyclic ADMM with different update
orders across blocks, and for each specific update order, by Theorem 7, the spectrum of cyclic
ADMM mapping matrix is upper bounded by the spectrum of distributed ADMM mapping matrix.
Hence, by Weyl’s theorem, the expected spectrum of RP-ADMM mapping matrix is smaller than
the spectrum of distributed ADMM mapping matrix.
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6. Supplementary Materials : Numerical Results

6.1. Data sharing algorithm

In this section, we describe the sampling procedure to enable data sharing across local centers.
The meta data-sharing algorithm is simple and easy to implement — it samples a% of data uniform
randomly, and build a global data pool with the sampled data. The benefit of having a global data
pool is two-folded — (a) it allows the decision maker to have the freedom on changing the local
data structure; (b) it allows the decision maker to have a unbiased sketch of the global higher order
information of the objective function, e.g., the sketch of Hessian information.

Algorithm 3: Meta data-sharing algorithm

Initialization: (X;,y;) fori =1,...,0b;

Sampling Procedure : Randomly sample a% from total observations (X, y);

Let r € Z™*! be the index of selected data (m = |a%n]). Let r; be the index of selected data
at data center 7, and 1; be the index of data remains local at data center 7;

Output: global data pool (X, yr) = ([Xey;-- -3 Xp, ], [Vr15-- -3 ¥r,)). Allow local data center
to have access to (Xy, yr) ;

With the meta data-sharing and the global data pool, now the distributed optimization algorithms
have the access to a sketch of the global data. From numerical evidence, we are convinced that
we only need a small amount of data share to improve the convergence speed. Setting « at a
low level also allows us to also enjoy the benefits of distributed optimization. As the majority of
data still remains at local, the algorithm could take advantages from such structure. For example,
the algorithm could pre-factorize the local data observation matrix for faster computation. Hence,
without specification, we fix « to be 5% across numerical experiments. After we decide on the
desirable level of data share , for each distributed optimization algorithm, we still need to carefully
design how the algorithm should utilize the global data pool efficiently. In the next section, we
implement the algorithms with careful and tailored design on utilizing data sharing for different
algorithms (e.g., multi-block ADMM method and PCG method), under the context that the majority
of data are locally stored, where one could also pre-process the local data to improve efficiency.

The numerical result section is organized as follows. Section 6.2 provides the algorithm de-
sign for multi-block ADMM with data-sharing. We further show the numerical results for both
the least square regression and the logistic regression, and compare our performance with multi-
block distributed ADMM without data share, together with other variants of multi-block ADMM
algorithms?.

6.2. Apply data sharing in multi-block ADMM methods

In this section, we present results on both the least square regression and logistic regression. For
least square regression, we test the algorithms on the benchmark of UCI machine learning repository
regression data ([7]). And we compare the absolute loss among different algorithms, with absolute
loss AL = ||3* — BHQ, where 3* is the optimal estimator and @ is the estimator produced by each

2. The experiments were done on MacBook Pro with Apple M1 Pro and 16Gb memory running macOS High Sierra,
v 12.4. The matlab code for all numerical results are available at github.com/mingxiz/data_sharing__
matlab.
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algorithm. We further add L2 regularization for all regression problems in order to guarantee the
uniqueness of 3*. For logistic regression, we generate the synthetic data with Gaussian noise and
the ground truth estimator 3*. We further compare the absolute loss AL = ||3* — ,é 2, where 3*
is the optimal estimator and B is the estimator produced by each algorithm.

Firstly, from previous result, we know that the worst case data structure for distributed ADMM
depends on the relations between the step size and the local data matrix conditioning. And making
the local data structure differs from each other would improve the convergence speed. Hence, a
simple way to improve the performance of distributed ADMM is to allocate all the global data pool
to one existing center/block, in order to make that block have different data structure from others.
We tested the modified distributed ADMM with global data, and compare it with classic distributed
ADMM in UCI machine learning repository regression data. With fixed number of iteration equals
to 200, block number equals to 4, and percentage of sample o = 5%, the accuracy of estimator
[ improves for 13 out of 14 problem instances. Besides,compared with the classifc distributed
ADMM, in average distributed ADMM with data sharing decreases the the absolute loss by 20%.
However, one could further design multi-block ADMM to better utilize the global data pool beyond
distributed updating order across each center. We further introduce a tailored multi-block ADMM
algorithm — the Dual Randomly Assembled and Permuted ADMM (DRAP-ADMM). We first use
the least square regression as an example to illustrate the idea of DRAP-ADMM for simplicity, and
we extend the setup to logistic regression later.

Introducing the auxiliary ¢, we have the primal problem could also be formulated as

LT
mCm 2C ¢ (103)
st. XB—-y=¢(

And let t be the dual variables with respect to the primal constraints X3 — y = . Taking the dual
with respect to problem (103), we have

1
min  —t7t +y’t
t 2 (104)
st. XTt=0

The augmented Lagrangian is thus given by
1
L(t,B) = 5Tt +y"t - BTX' + %tTXXtt (105)

The global estimator 3 is the dual variable with respect to the constraint Xt = 0 and pg be
the step-size of dual problem. The reason we take dual is that, the dual variables t serves as a
label for each (potentially) exchanged data pair, and the randomization is more effective in the
dual space. We show that by simply taking the dual does not improve the convergence speed.
The following proposition guarantees that, the primal distributed algorithm and dual distributed
algorithm are exactly same in terms of computation and convergence rate. The proof is provided in
supplementary materials : Appendix on proofs.

Proposition 8 The primal distributed ADMM algorithm and the dual distributed ADMM algorithm
have exactly the same linear convergence rate if the step size for primal and dual algorithms satisfies
ppPd = 1 when applied to the least square regression under the partition of blocks with X =
[X1;...; Xplandy = [y1;...;y)-
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Proposition 8 states that by only taking the dual of the problem would not impact the convergence
speed, and more delicate design on the algorithms is required to enjoy the benefit of data sharing.
Hence, we design the Dual Randomly Assembled and Permuted ADMM (DRAP-ADMM) under
the inspiration of [22]. DRAP-ADMM updates the auxiliary variables following a random permuted
order across each data center. We present the high level idea on how we utilize the global data pool as
follows. Firstly, the meta data-sharing algorithm randomly selects a subset of data (X,,, yr,) from
data center 4, and builds the global data pool (X, y,). When designing the algorithm, each center
1 may first pre-compute and pre-factorize XEXE in order to enjoy the benefit of the distributed
structure, where X, is the local data at center 7. Then, at each iteration, each data center ¢ receives
a random sample (without replacement) from the global data pool. The size of received data from
global data pool is the same as the size that the data center 7 contributes to the pool initially. Finally,
we random permute the update order across centers at each iteration. With the random sample of
data without replacement, DRAP-ADMM could both enjoy the benefit of majority data still remains
distributed, and utilize the shared data to change the local data structure constantly in order to avoid a
unfavorable data structure that leads to slow convergence. The general algorithm of DRAP-ADMM
is provided in Algorithm 4.

Algorithm 4: DRAP-ADMM
Initialization: ¢ = 0, global data pool (X, y;), step size pg € R* t; € R", 3; € R?, and
stopping rule 7;
while ¢t < 7 do
Random permute r to o4 (r), partition o4 (r) = [0} (r); .. .;0?(r)] according to |r;| (size of
ri);
Random permute the block-wise update order & (b) = [¢}, ..., €Y];
For ¢ :5,51,...,55;
Let o} = I; U oi(r). Center i updates

o : ol Oi1 L L Tit Y
t, ) =argmingp pisg Lt ), b7 68,7 6,0, 8%;
Decision maker updates 3,11 = B; — paX 7 tii1

end
Output: 3, as global estimator

Here, we design the specific algorithm to utilize the global data accessible to each local centers.
Note that in order to better utilize the global data pool, we use random permuted updating order
instead of distributed updating order. In appendix of proofs, we show the benefit of having a random
permute updating — it improves the convergence rate under the worst case data structure compared
with distributed updating scheme. Further, a random assemble of local blocks with global data pool
would further help improve the convergence speed, and following a similar proof in [28] and [22],
one could show that DRAP-ADMM converges in expectation for linearly constrained quadratic
optimization problems.

There are several other variants of multi-block ADMM algorithms, including the symmetric
Gauss-Seidel multi-block ADMM (double-sweep ADMM) ([10],[30]) and the random-permuted
ADMM ([29]). In the following numerical experiments provided in Table 1, we use UCI machine
learning regression data [7] to first compare the performance of DRAC-ADMM with (1) primal
distributed ADMM, (2) double-sweep ADMM, (3) cyclic-ADMM and (4) RP-ADMM. Besides,
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since the data-sharing scheme of random allocates the global pool of data to each local centers
could also be applied to primal-distributed ADMM, double-sweep ADMM, and RP-ADMM, we
also compare the DRAC-ADMM with (5) primal distributed ADMM with data-share, (6) double-
sweep ADMM with data-share, and (7) RP-ADMM with data-share. We fix step-size to be p = 1
for both the primal algorithms and the dual algorithms in order to eliminate the effect of step-size
choices. And we set the percentage of shared data « = 5%. The data set has dimensionality
of n = 463,715 and p = 90. From this set of experiments, We are convinced that, firstly, the
performance of multi-block ADMM algorithm significantly improves with only a small amount of
data share. Secondly, the random permute updating order seems to be the most compatible algorithm
to small amount of data-sharing, compared with other multi-block updating orders.

Fix run time = 100 s | Fix number of iteration = 200
Primal Distributed ADMM 2.98 x 1073 4.10 x 1072
Double-Sweep ADMM 5.92 x 1073 3.44 x 101
Cyclic ADMM 5.66 x 1076 3.44 x 10!
Random Permuted ADMM 6.62 x 1076 3.44 x 10!
Primal Distributed ADMM with data sharing 2.41 x 1073 4.01 x 10~
Double-Sweep ADMM with data sharing 3.80 x 1079 1.44 x 107
Cyclic ADMM with data sharing 3.07 x 1079 1.13 x 107
DRAP-ADMM 1.12 x 1079 9.25 x 1076

Table 1: Absolute Loss of different multi-block ADMM algorithms for L2 regression estimation on
data set Year Prediction MSD

From previous experiments, we are convinced that DRAP-ADMM performs better than the
other variant of multi-block ADMM method with data share. Moreover, a% does not need to be very
large for significant efficiency improvement. In the following experiments, we fix % = 5%. The
following table shows more numerical results we performed on UCI machine learning repository.
We set number of local data centers to be 4. We fix the step-size p, = pq = 1 for primal distributed
ADMM and DRAP-ADMM. Note setting step-size equals to 1 does not favor the primal ADMM
nor the dual ADMM, as we show that the primal distributed ADMM and dual distributed ADMM
shares same convergence rate when p,p; = 1. We consider two stopping rules, fixing the same
number or iteration, or the same run time.

From Table 2, we observe that compared with primal distributed ADMM, DRAP-ADMM could
attain a good quality predictor within fewer number of iterations. Specifically, with 200 iterations,
DRAP-ADMM significantly outperforms primal distributed ADMM. In practice, when conducting
regression prediction across different centers, the cost of communication for each iteration could
be extremely high. For example, in practice, when conducting regression prediction with health-
care trial data, the decision maker (researcher) would have to present physically to each hospitals
in order to perform optimization with local data. Hence, minimizing number of iteration required
would be a major objective for decision maker when performing estimation across data centers.
Nonetheless, we observe that DRAP-ADMM still enjoys some benefit when we fix the run time.
The reason is that, primal distributed ADMM could utilize the parallel updating and matrix pre-
factorization, hence, within same amount of time, the primal distributed ADMM updates more iter-
ations compared with DRAP-ADMM. In 100 seconds, primal distributed ADMM usually updates
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Fix run time = 100 s Fix number of iteration = 200
Primal distributed | DRAP-ADMM | Primal distributed | DRAP-ADMM
Bias Correction 1.60 x 1073 3.71 x 10710 3.20 x 1073 6.31 x 107
Bike Sharing Beijing 8.43 x 1074 9.57 x 10712 2.03 x 1072 6.61 x 1076
Bike Sharing Seoul 2.60 x 1073 1.71 x 1078 8.87 x 10° 5.80 x 1073
Wine Quality Red 3.45 x 1071 2.31 x 10~ 8.10 x 1073 1.22 x 1077
Wine Quality White 7.36 x 10~ 1° 1.24 x 10713 2.40 x 1073 1.56 x 1079
Appliance Energy 5.02 x 1012 1.61 x 107 7.56 x 107! 4.77 x 107
Online News Popularity * | 9.42 x 10716 3.23x 107D 7.70 x 107* 4.63 x 1078
Portugal 2019 Election * 3.97 x 10716 4.97 x 10714 3.22 x 107° 1.99 x 10710
Relative Location of CT 1.65 x 10713 6.44 x 1012 1.29 x 10° 4.79 x 10714
SEGMM GPU 2.63 x 10~ 2.20 x 10~ 13 4.60 x 1073 2.65 x 1076
Superconductivity Data 1.25 x 107! 2.98 x 1076 6.97 x 1071 4.99 x 1074
UllIndoorLoc Data 3.76 x 107! 4.48 x 1078 8.45 x 107! 2.53 x 1072
Wave Energy Converters 3.40 x 1073 7.12 x 1010 7.70 x 1073 2.39 x 1077
Year Prediction MSD 3.60 x 1073 4.56 x 1079 3.91 x 1072 2.64 x 107

* The covariance matrix’s spectrum is of 10%°, we scale each entry by \/n.

Table 2: Absolute Loss on L2 regression estimation

more than millions of times in order to converge to a good quality of solution with smaller absolute
loss. As mentioned, since the cost per iteration might be sufficiently high, we are convinced that
DRAP-ADMM would be a good suit for decision maker to conduct regression estimation across
data centers.

We provide some intuition on the fast convergence result of DRAP-ADMM. Previous data-
sharing algorithms (e.g. [4], [22]) often require a random sample of data at each iteration. However,
the DRAP-ADMM algorithm selects the pre-fixed data for sharing before the iteration starts, and
the rest of data in each center remain local through the whole iteration process. Note that for multi-
block ADMM algorithms, the reason that data-exchange could speed up the convergence comes
from the fact that data-exchange alters the local data structure. And there is no major difference
between pre-fixing the shared data and random sampling data at each iteration, in terms of altering
the local data structure. However, the benefit of pre-fixing the shared data is two-folded. First, by
pre-fixing the shared data, each local center could still enjoy the benefit of distributed computing.
Each center could potentially perform the matrix multiplication for the local data ahead. And at
each iteration, when the permutation on the shared data is realized, although the updating order is
cyclic, each of the data center could still factorize the matrix in parallel, which significantly saves
the computation time. Secondly, one major benefit on distributed ADMM without data-sharing is
on its protection on privacy. Even a small amount of random sample of data at each iteration clearly
cost more compared with prefixing the sharing data, if we care about privacy protection. By pre-
fixing only a small amount of the shared data, we can enjoy the benefit of efficiency improvement
while keep the data shared across centers to be minimal.
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For general regression analysis including logistic regression, DRAP-ADMM would still apply.
The logistic regression minimizes the following objective

b s
minZZlog(l + exp(—yi jxi;3)) (106)

i=1 j=1

with y; ; € {—1,1}. Similarly one could apply distributed ADMM to solve logistic regression
following Algorithm 1. One need to take the conjugate function of the primal objective, and solves
a different optimization problem for each center. When designing the ADMM method for logistic
regression, one could introduce the auxiliary variables in order to further improve the efficiency of
the algorithm. For DRAP-ADMM, let X =y - X, we solve the following dual problem

b s
min Z Ztmlog(tw) + (1 - tiVj)lOg(l - ti7j)
st. XTz =0 ---8
t—z=0 --- S

The reason we introduce the auxiliary variables t is because, when solving for ¢; ; the problem is
much simpler compared with the optimization problem without auxiliary variables. As ¢; ; € (0, 1),
without auxiliary, the problem is not separable across dual variables, and one need to apply for new-
ton method within the blocks in order to perform sub-block optimization. However, with auxiliary
variables, optimization for ¢; ; is separable not only across blocks, but actually across each obser-
vations. Hence, one could perform parallel one dimensional search to find the optimal ¢; ; at each
iteration. In Table 3, we present the result on comparing the performances across gradient descent
method (with backtracking step-size), primal distributed ADMM and DRAP-ADMM (with step-
size equals to 1). A widely used algorithm for solving logistic problem is via Newton method. To
further compare the algorithms, we select the benchmark algorithm to be the Newton method. We
need to point out here that the classic Newton method requires centralized learning and optimiza-
tion, which is not the focus of this paper. Nonetheless, we use centralized Newton method as the
benchmark, and show that distributed optimization with data sharing could outperform centralized
optimization method in aspect of convergence rate. Similarly, we fix & = 5%. We report the relative
ratio in the absolute loss with benchmark of centralized Newton method. The relative ratio in the
absolute loss 747, = W. We fix block numbers equals to 4 and the number of iterations
to be 10 for all the different algorithms. We expect the Newton method to perform well and a pos-
itive relative ratio of 741, is not surprising, as we allow the Newton method to perform centralized
optimization. However, notice that r 47, < 0 implies that under fixed iteration, the algorithm out-
performs centralized newton method with smaller absolute value. We report the average of relative
ratio in the absolute loss for each size of problem instances with 20 sample of experiments. From
the result provided in Table 3, we observe that primal distributed ADMM method performs simi-
larly as gradient method. Several previous research study have already shown that ADMM method
may not be suitable for logistic regression (e.g. [14]), and the result on relatively poor performance
compared with both gradient descend and newton method is not surprising. However, it’s worth
mentioning that with 5% of data sharing, multi-block ADMM could even out-perform centralized
optimization method in terms of convergence speed. These results shed light on the importance
of managing the randomization and the data sharing in the design of multi-block ADMM method.
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Gradient Descent | Primal Distributed | DRAP-ADMM

n = 500, p = 20 8.18 x 1073 9.55 x 1073 —6.73 x 1073
n=2=800, p=40| 2.53x1073 2.97 x 1073 —5.89 x 1073
n=1000, p=100 | 4.38 x 10~% 5.18 x 10~% —2.23 x 1073

Table 3: Relative ratio of absolute loss on logistic regression

With the tailored design on the algorithm that takes advantages on both data-sharing and distributed
computing, one could hugely boost the convergence speed of ADMM method.
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