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Abstract

Recently the SP (Stochastic Polyak step size) method has emerged as a competitive adaptive
method for setting the step sizes of SGD. SP can be interpreted as a method specialized to
interpolated models, since it solves the interpolation equations. SP solves these equation by
using local linearizations of the model. We take a step further and develop a method for
solving the interpolation equations that uses the local second-order approximation of the
model. Our resulting method SP2 uses Hessian-vector products to speed-up the convergence
of SP. Furthermore, and rather uniquely among second-order methods, the design of SP2 in
no way relies on positive definite Hessian matrices or convexity of the objective function. We
show SP2 is very competitive on matrix completion, non-convex test problems and logistic
regression. We also provide a convergence theory on sums-of-quadratics.

1. Introduction

Consider the problem

w* € argmin, cpa {f(’w) = %Z fz(w)} , (1)
i=1

where f is twice continuously differentiable, and the set of minimizers is nonempty. Let the
optimal value of (1) be f* € R, and w® be a given initial point. Here each f;(w) is the loss of
a model parametrized in w € R% over an i-th data point. Our discussion, and forth coming
results, also hold for a loss given as an expectation f(w) = E¢up [fe(w)], where £ ~ D is the
data generating process and f¢(w) the loss over this sampled data point. But for simplicity
we use the f;(w) notation.

Contrary to classic statistical modeling, there is now a growing trend of using over-
parametrized models that are able to interpolate the data Ma et al. (2018); that is, models for
which the loss is minimized over every data point as described in the following assumption.

Assumption 1 We say that the interpolation condition holds when the loss is nonnegative,
fl(w) > 07 and
Jw* €R? such that f(w*) =0. (2)
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Consequently, fi(w*) =0 for i = 1,...,n. Overparameterized deep neural networks are the
most notorious example of models that satisfy Assumption 1. Indeed, with sufficiently more
parameters than data points, we are able to simultaneously minimize the loss over all data
points.

If we admit that our model can interpolate the data, then we have that our optimization
problem (1) is equivalent to solving the system of nonlinear equations

filw) = 0, fori=1,...,n. (3)

Since we assume f;(w) > 0 any solution to the above is a solution to our original problem.

Recently, it was shown in Berrada et al. (2020); Gower et al. (2021a) that the Stochastic
Polyak step size (SP) method Loizou et al. (2020); Polyak (1987) directly solves the interpo-
lation equations. Indeed, at each iteration SP samples a single i-th equation from (3), then
projects the current iterate w! onto the linearization of this constraint, that is

W' = argmin,,cga |[|w — th2 st fi(w') + (Vf;(w'),w —w') = 0. (4)
The closed form solution to (4) is given by
tH1 _ ot fi(w?)
N A Nf’( ) 5)

Here we take one step further, and instead of projecting onto the linearization of f;(w) we use
the local quadratic expansion. That is, as a proxy of setting f;(w) = 0 we set the quadratic
expansion of f;(w) around w! to zero

fi(w") + (V fi(w'),w — w') + & <V2fi(wt)(w —w'),w—w") =0. (6)

The above quadratic constraint could have infinite solutions, a unique solution or no solution
at all'. Indeed, for example if V2f;(w') is positive definite, there may exist no solution,
which occurs when f; is convex, and is the most studied setting for second order methods.
But if the loss is positive f; and the Hessian has at least one negative eigenvalue, then (6)
always has a solution.

If (6) has solutions, then analogously to the SP method, we can choose one using a
projection step 2

w't e argminweRd % Hw - th2

st fi(w') + (Vfi(wh),w—w') + 2 (V2 f;(w") (w — w'),w —w')y =0. (7)

We refer to (7) as the SP2 method. Using a quadratic expansion has several advantages.
First, quadratic expansions are more accurate than linearizations, which will allow us to
take larger steps. Furthermore, using the quadratic expansion will lead to convergence rates
which are independent on how well conditioned the Hessian matrices are, as we show later in
Proposition 5.

1. Or even two solutions in the 1d case.
2. Note that there could be more than one solution to this projection and we can choose one either with
least norm or arbitrarily.
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Our SP2 method occupies a unique position in the literature of stochastic second order
method since it is incremental and in no way relies on convexity or positive semi-definite
Hessian matrices. Indeed, as we will show in our non-convex experiments in 3.1 and matrix
completition E, the SP2 excels at minimizing non-convex problems that satisfy interpolation.
In contrast, Newton based methods often converge to stationary points other than the global
minima.

The rest of this paper is organized as follows. We introduce some related work in Section A.
We present the proposed SP2 methods in Section 2 and corresponding convergence analysis
in Section B. In Section C, we relax the interpolation condition and develop a variety of
quadratic methods to solve the slack version of this problem. We test the proposed methods
with a series of experiments in Section 3. Finally, we conclude our work and discuss future
directions in Section 4.

2. The SP2 Method

Next we give a closed form solution to (7) for GLMs. We then provide an approximate
solution to (7) for more general models.

2.1. SP2 - Generalized Linear Models

Consider when f; is the loss over a linear model with
filw) = ¢i(a] w—yy), (8)
where ¢; : R — R is a loss function, and (z;,y;) € R is an input-output pair. Consequently
Vii(w) = ¢i(zf w—y)z; = ai,  V2fi(w) = ¢} (x]w — y)zix] = hixiz) . (9)
The quadratic constraint problem (7) can be solved exactly for GLMs (8) as we show next.

Lemma 2 (SP2) Assume fi(w) is the loss of a generalized linear model (8) and is non-
negative. Let fi = f;(w') for short. Let a; = ¢i(x]w — yi) and h; = ¢! (z]w — y;).
If

a? —2hif; >0 (10)

then the optimal solution of (7) is as follows

t+1 t G 1 9 X
wr=w—-—1-— a.—2h‘f->. 11

i (1 /et -2 1 )
Alternatively if (10) does not hold, since f; > 0 we have necessarily that h; > 0, and
consequently a Newton step will give the minima of the local quadratic, that is

41 t A T
=w' — — . (12)
i |||

w

The proof to the above lemma, and all subsequent missing proofs can be found in the
appendix. Lemma (2) establishes a condition (10) under which we should not take a full
Newton step. Interestingly, this condition (10) holds when the square root of the loss function
has negative curvature, as we show in the next lemma.
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Lemma 3 Let ¢ be a non-negative function which is twice differentiable at all t with
¢(t) # 0. The condition (10), in other words

¢'(t)* > 20(t)¢" (t)

holds when \/¢(t) is concave away from its roots, i.e. when C‘l‘%\/(b(t) < 0 for all t with
H(t) £ 0.

Examples of loss functions include ¢(t) = tanh? (t) and ¢(t) = P with 0 < p < 2.
In conclusion to this section, SP2 has a closed form solution for GLMs, and this closed
form solution includes many non-convex loss functions.

2.2. SP2" - Linearizing and Projecting

In general, there is no closed form solution to (7). Indeed, there may not even exist a solution.
Inspired by the fact that computing a Hessian-vector product can be done with a single
backpropagation at the same cost as computing a gradient Christianson (1992), we will make
use of the cheap Hessian-vector product to derive an approximate solution to (7).

Instead of solving (7) exactly, here we propose to take two steps towards solving (7) by
projecting onto the linearized constraints. To describe this method let

q(w) = fi(wt) + <Vfi(wt), w — wt> + % <V2fi(wt)(w — wt), w — wt> . (13)
In the first step we linearize the quadratic constraint (13) around w’ and project onto this

linearization:

2
wttl/2

= argmin,,cga 3 [|w — w'|| s.t. fi(w') +(Vfi(w'),w —w") = 0. (14)

The closed form update of this first step is given by

t+1/2  _ t fz‘(wt) ot
‘ e =

which is a Stochastic Polyak step (5). For the second step, we once again linearize the
quadratic constraint (13), but this time around the point w'*1/2 and set this linearization to
zero, that is

w't = argmin,, cga %Hw - wt+1/2H2 s.t. q(w't?) 4+ <Vq(wt+1/2), w — wt+1/2> =0.
(16)
The closed form update of this second step is given by
q(w!+1/2)

L tr1/2 5
qu(wt+1/2))H

Va(w'™/?). (17)

w

We refer to the resulting proposed method as the SP2T method, summarized in the following.
Lemma 4 (SP2t) Let g = Vfi(w') and Hy = V2 fi(w'). Update (15) and (17) is given by

. t 17 t\2 H . t
Wt — fz(w2) . *fl(wz); { tgtlv 9;:>vt+17 where v+l — <I B Htfz(w2)> o, (18)
gl 2 lgell® ot gl
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Figure 1: The Levy N. 13 function where Left: we plot f(x) across epochs Middle: level set
plot, Right: Surface plot. SP2 is in blue , SP27 is in green , SGD is in and
Newton is in red .

In (18) we can see that SP2T applies a second order correction to the SP step.

SP2* is equivalent to two steps of a Newton Raphson method applied to finding a root of
q(w). If we apply multiple steps of the Newton Raphson method, as opposed to two, the
resulting method converges to the root of ¢, see Theorem 11 in the appendix. Theorem 11
shows that this multi-step version of SP2% converges when g belongs to a large class of non-
convex functions known as the star-convex functions. Star-convexity, which is a generalization
of convexity, includes several non-convex loss functions Hinder et al. (2019).

3. Experiments
3.1. Non-convex problems

To emphasize how our new SP2 methods can handle non-convexity, we have tested SP2 (7),
sp2t (18) and SP (5) on the non-convex problems PermDA™, Rastrigin and Levy N. 13,
and Rosenbrock (Jamil and Yang (2013)3), see Figure 1 in the main text, and Figures 2, 3,
and 4 in the appendix. All of these functions are sums-of-terms of the format (1) and
satisfy the interpolation Assumption 1. To compute the SP2 update we used ten steps of
Newton’s Raphson method as detailed in Section F.4. We used the same step size of 0.2 on all
methods except SGD for which we had to hand tune the step size to ensure convergence. We
consistently find across these non-convex problems that SP2 and SP27" are very competitive,
with SP2 converging in under 10 epochs. Here we can clearly see that SP2 converges to a high
precision solution (like most second order methods), and different than other second order
methods is not attracted to local maxima or saddle points. In contrast, Newtons method
converges to a local maxima on all problems excluding the Rosenbrock function in Figure 4
in the appendix. For instance, on the left of Figure 1 we can see the red dot of Newton stuck
on a local maxima, despite all methods having the same initialization.

3. We used the Python Package pybenchfunction available on github Python_Benchmark _Test_
Optimization_Function_Single_Objective. We also note that the PermDA" implemented in this
package is a modified version of the PermDS function, as we detail in Section G.1.1.


Python_Benchmark_Test_Optimization_Function_Single_Objective
Python_Benchmark_Test_Optimization_Function_Single_Objective
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4. Conclusion

We have proposed new incremental second order methods that exploit models that interpolate
the data, or are close to interpolation. What sets our methods apart from most previous
incremental second order methods is that they do not rely on convexity in their design.
Quite the opposite, the SP2 method can benefit from the Hessian having at least one
negative eigenvalue. Consequently the SP2 method excels at minimizing non-convex models
that interpolate, as can be seen in Sections 3.1 and E. We also provided a convergence in
Theorem 11 that shows that SP2 and its approximation SP2™ enjoy a significantly faster rate
of convergence as compared to SGD for sums-of-quadratics.
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Appendix A. Related Work

Since it became clear that Stochastic Gradient Descent (SGD), with appropriate step size
tuning, was an efficient method for solving the training problem (1), there has been a search
for an efficient second order counter part. The hope being, and our objective here, is to find
a second order stochastic method that is incremental; that is, it can work with mini-batches,
requires little to no tuning since it would depend less on how well scaled or conditioned
the data is, and finally, would also apply to non-convexr problems. To date there is a vast
literature on stochastic second order methods, yet none that achieve all of the above.

The subsampled Newton methods such as (Roosta-Khorasani and Mahoney, 2019; Bol-
lapragada et al., 2018; Liu and Roosta, 2021; Erdogdu and Montanari, 2015; Kohler and
Lucchi, 2017; Jahani et al., 2017) require large batch sizes in order to guarantee that the
subsampled Newton direction is close to the full Newton direction in high probability. As
such are not incremental. Other examples of large sampled based methods include the
Stochastic quasi-Newton methods (Byrd et al., 2011; Mokhtari and Ribeiro, 2015; Moritz
et al., 2016; Gower et al., 2016; Wang et al., 2017; Berahas et al., 2016), stochastic cubic
Newton Tripuraneni et al. (2018), SDNA (Qu et al., 2016), Newton sketch (Pilanci and
Wainwright, 2017) and Lissa (Agarwal et al., 2017), since these require a large mini-batch or
full gradient evaluations.

The only incremental second order methods we aware of are IQN (Incremental Quasi-
Newton) (Mokhtari et al., 2018), SNM (Stochastic Newton Method) (Kovalev et al., 2019;
Rodomanov and Kropotov, 2016) and very recently SAN (Stochastic Average Newton) Chen
et al. (2021). IQN and SNM enjoy a fast local convergence, but their computational and
memory costs per iteration, is of O(d?) making them prohibitive in large dimensions.

Handling non-convexity in second order methods is particularly challenging because most
second order methods rely on convexity in their design. For instance, the classic Newton
iteration is the minima of the local quadratic approximation if this approximation is convex.
If it is not convex, the Newton step can be meaningless, or worse, a step uphill. Quasi-Newton
methods maintain positive definite approximation of the Hessian matrix, and thus are also
problematic when applied to non-convex problems Wang et al. (2017) for which the Hessian
is typically indefinite. Furthermore the incremental Newton methods IQN, SNM and SAN
methods rely on the convexity of f; in their design. Indeed, without convexity, the iterates
of IQN, SNM and SAN are not well defined.

In contrast, our approach of finding roots of the local quadratic approximation (7) in no
way relies on convexity, and relies solely on the fact that the local quadratic approximation
around w! is good if we are not far from w’. But our approach does introduce a new problem:
the need to solve a system of quadratic equations. We propose a series of methods to solve
this in Sections 2 and C.

Solving quadratic equations has been heavily studied. There are even dedicated methods
for solving

w* = argmin §|w — @||* s.t. Q(w) =0, where Q(w) = %wTHw +b'w+ec (19)
weR

for a given w, where H is a nonzero symmetric (not necessarily PSD) matrix, and the
level set {w : Q(w) = 0} is nonempty. Note that since Q(w) is a quadratic function, the
problem (19) is nonconvex. Yet despite this non-convexity, so long as there exists a feasible
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point, the projection (19) can be solved in polynomial time by re-writing the projection as a
semi-definite program, or by using the S-procedure, which involves computing the eigenvalue
decomposition of H and using a line search as proposed in Park and Boyd (2017), and
detailed here in Section D. But this approach is too costly when the dimension d is large.

An alternative iterative method is proposed in Sosa and MP Raupp (2020), but only
asymptotic convergence is guaranteed. In Dai (2006), the authors consider a similar problem
by projecting a point onto a general ellipsoid, which is again a problem of solving quadratic
equations. However, they require the matrix H to be a positive definite matrix.

The problem (7) and (19) are also an instance of a quadratic constrained quadratic
program (QCQP). Although the QCQP in (7) has no closed form solution in general, we
show in the next section that there is a closed form solution for Generalized linear models
(GLMs), that holds for convex and non-convex GLMs alike. For general non-linear models we
propose in Section 2.2 an approximate solution to (7) by iteratively linearizing the quadratic
constraint and projecting onto the linearization.

Appendix B. Convergence Theory

Here we provide a convergence theory for SP2 and SP2" for when f(w) is an average of
quadratic functions. Fix w* € R? and let the loss over the i-th data point be given by

filw) = (Hi(w —w"),w —w"), (20)

where H; € R% is a symmetric positive semi-definite matrix for 7 = 1, ..., n. Consequently
fi(w*) =0 = f(w*) = min,cra f(w), thus the interpolation condition holds.

Proposition 5 Consider the loss functions given in (20). The SP2 method (7) converges
linearly

t+1_*2] [ t_*2} _ _ln T
E[Hw wH <pE Hw wH , where p )\maX<I nZH’Hl <1. (21)

=1

The rate of convergence of SP2 in (21) can be orders of magnitude better than SGD.
Indeed, since (20) is convex, smooth and interpolation holds, we have from Gower et al.
(2021b) that SGD converges at a rate of

psap =1 — i /\min(zz;l H;)
2n maxi—1,. n Amax(Hi) .

(22)

To compare (22) to p rate in Proposition 5, consider the case where all H; are invertible.
In this case HZHT = I and thus p = 0 and SP2 converges in one step. Indeed, even if a
single H; is invertible, after sampling ¢ the SP2 will converge. In contrast, the SGD method
is still at the mercy of the spectra of the H; matrices and depend on how well conditioned
these matrices are. Even in the extreme case where all H; are well conditioned, for example
H; = i x I, the rate of convergence of SGD can be very slow, for instance in this case we
have psgp = 1 — 5=

2n2 "

10
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Proposition 6 Consider the loss functions in (20). The SP2t method (18) converges
linearly

min H'L
E |:H'U)t+1 — w*HQ] S p§P2+ E |:Hwt — w*H2:| , where pPSP2+ = 1-— 2n Z )\rnax((]:_]:)) (23)

The rate of convergence of SP2T now depends on the average condition number of the H;
matrix. Yet still, the rate of convergence in (23) is always better than that of SGD. Indeed,
this follows because of the maximum over the index i in (22) and since

Z mln i zn: mln Hl)
2n A 2 i—1 maX;—=1i,. n)\max(Hi)‘

maX
Note also that the rate of SP2" appears squared in (23) and the rate psgp of SGD is not
squared. But this difference accounts for the fact that each step of SP2T is at least twice the
cost of SGD, since each step of SP2T is comprised of two gradient steps, see (15) and (17).
Thus we can neglect the apparent advantage of the rate pgpot being squared.

Appendix C. Quadratic with Slack

Here we depart from the interpolation Assumption 1 and design a variant of SP2" that can
be applied to models that are close to interpolation. Instead of trying to set all the losses to
zero, we now will try to find the smallest slack variable s > 0 for which

filw) <s, fori=1,...,n.
If interpolation holds, then s = 0 is a solution. Outside of interpolation, s may be non-zero.

C.1. L2 slack formulation

To make s as small as possible, we can solve the following problem

min 152 subject to fi(w) < s, fori=1,...,n, (24)
seR,weRs 2

which is called the L2 slack formulation. This type of slack problem was introduced
in Crammer et al. (2006) to derive variants of the passive-aggressive method that could be
applied to linear models on non-separable data, in other words, that do not interpolate the
data.

To solve (24) we will again project onto a local quadratic approximation of the constraint.
Let

git(w) = fi(w —|—<sz w—wt>+%<V2fi(wt)(w—wt),w—wt>. (25)

and let A; = Hw - thQ + (s — s!)2. Consider the iterative method given by

1-A A
w't s = argmin A+ =8 st gir(w) < s, (26)
520, weRd 2 2

11
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where A\ € [0, 1] is a regularization parameter that trades off between having a small s, and
using the previous iterates as a regularizor. The resulting projection problem in (26) has
a quadratic inequality, and thus in most cases has no closed form solution, despite always
being feasible?.

So instead of solving (26) exactly, we propose an approximate solution by iteratively
linearizing and projecting onto the constraints. Our approximate solution has two steps, the
first step being

1—A A
wt+1/2, st1/2 = argmin A+ =57 st Qi,t(wt) + <ti,t(wt), w—= wt> <s.  (27)
5>0, weRd 2 2

t+1/2

The second step is given by projecting w onto the linearization around wt+1/2 ag

follows

A
wt"'l,.s;t‘*'l::’;urgmim—AHH—fs2 s.t. th(le/Q)—l—<ti7t(wt+1/2),w—wt+1/2>§s. (28)
520, weRrd 2 22

The closed form solution to our two step method is given in Lemma 15 of Appendix F.7.
We refer to this method as SP2L2%.

C.2. L1 slack formulation

To make s as small as possible, we can also solve the following LI slack formulation

min s st. fi(w) <s, fori=1,...,n.
s>0,wER?

Similarly, we can again project onto a local quadratic approximation of the constraint and
consider the iterative method given by

A
w'™, st = argmin Ar+=s st gig(w) <s, (29)

5>0, weR4 2 2

where A € [0, 1] is a regularization parameter that trades off between having a small s, and
using the previous iterates as a regularizor.

To approximately solve (29), we again propose an approximate two step method similar
to (27) and (28). The closed form solution to the two step method is given in Lemma 17 of
Appendix F.8. We refer to this method as SP2L17T.

C.3. Dropping the Slack Regularization

Note that the objective function in (29) contains a regularization term (s — s*)?, which
forces s to be close to st. If we allow s to be far from s!, we can instead solve the following
unregularized problem

1-A A
w'™, s = argmin |w — thQ + s st.ogig(w) <s, (30)
>0, weR4 2 2

4. For instance w = w' and s = f;(w") is feasible

12



USING QUADRATIC EQUATIONS FOR OVERPARAMETRIZED MODELS

where A € [0, 1] is again a regularization parameter that trades off between having a small
s, and using the previous iterates as a regularizor. We call the resulting method in (30)
the SP2max method since it is a second order variant of the SPmax method Loizou et al.
(2020); Gower et al. (2022). The advantage of SP2max is that it has a closed form solution
for GLMs (8) as shown in the following lemma which is proved in Appendix F.10.

Lemma 7 (SP2maz) Consider the GLM model given in (8) and (9). If the loss f; = f;(w?)
is non-negative, then the iterates of (30) have a closed form solution given by

wtt = w4 c*ay, st = max {3, 0},
~ a2l hix2a20? 2 7 A
and where s = f; — —= i 0= llz;|2, A= =2~ and
fi 1+ARl  2(14Ahi0)2’ ]l 2(1-X)”
0, if fi=0
A : ~

= if fi and s >

¢ 1+ Ahyt’ ffi>0 >0,
—ai+y/aZ—2h;f; ,
#, otherwise.

To approximately solve (30) in general, we again propose an approximate two step method.
The closed form solution to the two step method is given in Lemma 18 of Appendix F.9. We
refer to this method as SP2max™.

Appendix D. Projecting onto Quadratic

This following projection lemma is based on Section B in Park and Boyd (2017). What we
do in addition to Park and Boyd (2017) is to clarify how to compute the resulting projection,
and add further details on the proof.

Lemma 8 Let w € R? and let P € R¥™9 is o symmetric matriz. Consider the projection
w' € argmin,,cpa 3 |w — 2|2
st r 4 (gw—2) + 3 (P(w—2),w—2) =0. (31)

Let
A< A< <N\

be the eigenvalues of P and let QAQT = P be the eigenvalue decomposition of P, where
A = diag(\;) and QQT =1. Let G = Q' q. If the quadratic constraint in (31) is feasible, then
there exists a solution to (31). Now we give the three candidate solutions.

1. If r =0, then the solution is given by

w=z
2. Now assuming v # 0. Let
1 1
= -3 Ty 2
v = s e (32
* 1 1
o€ argi{ri\?;co{ YR )\d} (33)
N = {i: X\ #X\+} (34)

13
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Let
¥ = —(I4vA)Tvg

If
2wr+wga*) — |2+ 5 Z

iEN
then the solution is given by

w' =2+ Q(x* +n),

where n € R% and

v 1 A 9 V2 . )
St == |20+ v (Gat) = P+ - Y @F, forieN
2 m\/ P

iEN
n; =0, fori¢g N.

. Alternatively if (36) does not hold, then the solution is given by
w = z—(I+vA)

where v is the solution to the nonlinear equation

72(]1 2+V>\
(14 wvX\)?

'Let QAQT

. 2
argming crd % [l
st 7+ (q,2) + 3 (Az,z) = 0,

where # = QT (w — 2) and ¢ = Q"q. The Lagrangian of (40) is given by

L(z,v) = z)* +v(r+ (G,2) + i (Az,z))
= LT@+vA)z+v(r+(4,2)).

Thus the KKT conditions are given by

VeLl(z,v) = I+ vA)z+v§=0
V,L(z,v) =7+ (4,z) + 3 (Az,z) = 0.

ViL(z,v) = (I+vA) =0,

14

= P be the SVD of P, where QQ " = I. By changing variables z = QT (w —
we have that (31) is equivalent to

(38)

(39)

Proof First note that there exists a solution to (31) since the constraint is a closed feasible

2)

(40)

Since we are guaranteed that the projection has a solution, we have that as a necessary
condition that the solution satisfies
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see Theorem 12.5 in Wright and Nocedal (1999). Consequently either (I4+vA) > 0 or (I+vA)
has a zero eigenvalue.
Consider the case where (I 4+ vA) > 0. From (42) we have that

r=—v(I+vA)14 (44)

Now note that if v = 0 then z = 0 and by the constraint we must have r = 0. Otherwise,
if 7 # 0, then v # 0. Assume now v # 0 and substituting the above into (43) and letting
A = diag(\;) gives

VoL(z,v) =7+ (4,7) + 5 (VAz, )
=7+ {@2) + g5 (T vA)a,a) — o ]

1. 1 2 '
—r—|—§<q,x>—$||x|| Using (42)
:r—%< (I+vA)~ >_fHI_|_VA qH Using (44)

~2
_._ Y % 4
- 2§l:<1+1/>\i+(1+’/)\z‘)2>'
Thus
(2 Ai)
qu ), (45)

(1+v)\)?

Upon finding the solution v to the above, we have that our final solution is given by
w' = z + Qx, that is
w = z—QI+vA)v
z— (I+vA)vQq
= z—v({I+vA)ig (46)

Alternatively, suppose that (I4+vA) > 0 is non-singular. The positive definiteness implies
that
v > —i, fori=1,...,d. (47)
Ai
For (I 4+ vA) to be non-singular, at least one of the above inequalities will hold to equality.
To ease notation, let us arrange the eigenvalues in increasing order so that

AL <A << g
For one of the (47) inequalities to hold to equality we need that

1 1 1
V= max —— = max { ——,—— (.
IED Y1 D VI S w7 1) B WD
Since (I + vA) is now singular with this v, we have that the solution to (42) is given by

x = —I+ VA)TV(j +n = 2" +mn, where (z*,n)=0, (48)

15
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where } denotes the pseudo-inverse and where n is in the kernel of (I + vA), in other words
(I+vA)n = 0. It remains to determine n, which we can do with (43). Indeed, substituting (48)
into (43) gives

1 . 1 .

VyL(z,v) =1+ B (G, ) — b &S Using (42)
1 A% 1 2 1 *(12 .

— - _ I . 4R).

r—+ 5 (G, " +n) 5 In]| 5 l|lz* || Using (48)

Setting to zero and completing the squares in n we have that

1 v |2 1, . 1
o E T

*12 v
. a2+ . (49)

To characterize the solutions in n of the above, first note that n will only have a few non-zero
elements. To see this, let * € argmax; . ;0 {—)\—11, —/\id}, and note that (I + vA) has as

many zeros on the diagonal as the multiplicity of the eigenvalue A;«. That is, it has zeros
elements on the indices in

Thus the non-zero elements of n are in the set
N = {i : \i# N}

Because of this observation we further re-write (49) as

vV _\2 ok N 12 . 1/2A
> (mi-ga) = wrviga?) - P+l - Y
1EN el
2
o Ak *1(12 v ~2
= 2vr+v(gz") — |z +4;ti- (50)
(3

Consequently, if the above is positive, then there exists solutions to the above of which

1Z8% 1 N 2 V2 o .
ni = oG+~ [20r + v (G, 2%) = |l2*[| + - Y aF, fori€ N (51)
2 \/\NM 4 ZN ’

is one. Consequently, the final solution is given by w = z + Q(z* + n) where z* is given in
by (48). [ ]
Corollary 9 If r > 0 and P has at least one negative eigenvalue, there always ezists a

solution to the projection (31).

Proof We only need to prove that there exists a solution to the quadratic equation in (31),
after which Lemma 8 guarantees the existance of a solution. |

16
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Appendix E. Matrix Completion

The projection (117) can be solved as we shown in the following theorem.

Theorem 10 The solution to (117) is given by one of the following cases.
1. If (uf)va =a;; then u =uf and v = Uf.

2. Alternatively if u;“ = v;? and

then
k
1 1 v 2
v=cof + 5o ij H — 4a;; (52)
4]
k
1 1 u; 2
u= _§u§+§ i Huf” —4a; (53)
]
8. Finally, if none of the above holds then
k k
u = (54)
1 —~2
k k
vy — yu;
J i
v= , (55
— )

where v € (—1,1) and is the solution to the depressed quartic equation

2 2
(172 (b o) = (|| ok [ = @ =922 (56)
Proof The Lagrangian of (117) is given by
1 k> 1 k||? T
L(u,v,v) = §Hu—ui —i-gHv—vj ’ +y(u v—a;;),

where 7 € R is the unknown Lagrangian Multiplier. Thus the KKT equations are

u—uf +yv=0 (57)
v—vf—k’yu:O (58)
u'v = aj (59)

Subtracting v times the the second equation from the first equation, and analogously,
subtracting the first equation from the second gives

(1—~Hu— uf + 'yvf =0 (60)
(1—~")v —vf +yuf = 0. (61)

17
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If v = 1, then necessarily uf = v}“ and furthermore from the first equation in (59) we have
that

u:uf—v:vf—v. (62)
Substituting u out in the original projection problem (117) we have that

min [|v]|? — vTv]’iC subject to vva — vl = aq;. (63)
v

Consequently, for every v that satisfies the constraint we have that the objective value is

invariant and equal to —a; ;. Consequently there are infinite solutions. To find one such

solution, we complete the squares of the constraint and find

-3t = G g

J
Alternatively, if v # 1 then by isolating v and v in (60) and (61), respectively, gives

2
The above only has solutions if % Hka —aj; > 0. One solution to the above is given by (52).

uf — ok

U= 723 (65)
ok — yuk

v= ]1_72 (66)

To figure out -y, we use the third constraint in (59) and the above two equations, which gives

(i = o) T ok — b

1—~2 1—~2

(1+72) (ub, o8y — (k| + [
B (12 -

u v=

Let

uj

2 2
+ |8 ) - @ =)y

o) = (147 (ub.of ) =

Can we now find an interval which will contain the solution in 7?7 Note that
2 2

] =]

2 2
2 —
=[5 =

2
uf—i—fo >0

$(—1) = 2<u§,v§“> + ‘ ub
é(1) = 2<u§,u§?> —‘

Thus it suffices to search for v € (=1, 1), which can be done efficiently with bisection.

2
k k
U —UjH <0.

k
U;

18
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Appendix F. Proofs of Important Lemmas

F.1. Proof of Lemma 2

Let us first describe the set of solutions for given constraint. We need to have
1
fi +aizt A+ ghiATxixiTA =0,

t

where A = w — w! is unknown. If we denote by 7; = z7'A then (67) will reduce to

1
fi + Qa;T; + ihiﬂz = 0.
This quadratic equation (68) has solution if
a? — thfl Z 0.

If the condition above holds then we have that the solution for 7 is in this set

—a; + \/CL? — 2hl‘fi —Q; — \/a% — thfi
T = .
h; ’ h;

Recall that the problem (7) now reduces into

ngn {HA||2, such that z7 A € T}

(70)

(71)

Note that because we want to minimize ||A||?, we want to choose the constraint with smallest

possible absolute value, hence the problem (71) is equivalent to

min {||A]]%, such that =7 A =77},

where
—aity/aZ=2hif; .
. — ifa; >0
T, = /5
—a;— < —2h; f; .
“ ;Ll_’ f , otherwise.
In other words,
. ) ( ) a? — 2h; f; a; CLZZ —2h;f; ]
T, = —— +s1gn(a; = —
’ i h; h; |az‘
The final solution is hence .
* Ti
- A
|42
and therefore .
U]* _ U}t + 7 233i
[l

19
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In case when (69) is not satisfied, and because we assumed that the loss function is
non-negative, we necessary have h; > 0. Then natural choice of 7; is the one that would
minimize the 1

fit+aimi + §hm2.
From first order optimality conditions we obtain that
* ai
T, — ——
i hz
which leads to (12).

F.2. Proof of Lemma 3

Proof If ¢(t) = 0 then the condition holds trivially. For ¢ such that ¢(t) # 0, \/¢
differentiable, and we have

d2
TV o(t) = —5o() 720 (1) + 30(1) 726" (1) = §o() (=4 (1) + 2009 (1),
which is negative precisely when ¢/ ()2 > 24(t)¢” (t). [ |

F.3. Proof of Lemma 4

Note that
wit1/2y B3 ey 4 fi(w'
g 1/?) filut) <sz< >M >
Ry fi(uw!) wt)
< fitw )Hw P e )||Vfl< TR ")
1St o, o
2||sz< 1 (TR i), D).
Furthermore
Va(w12) 2 ) + 2 fiwh) w2 )

O O N (1) (ot
2 (1 v ) T

Thus the second step (17) is given by

41 _ g et1/2_ L fi(w")? (V2 fi(w")V fi(w"), V fi(w")) < V2 fi(w') f(wt)H) filw").

ZIV A (1 - 92 fiwt) L) v )|

w

Putting the first (15) and second (73) updates together gives (18).

This gives a second order correction of the Polyak step that only requires computing a
single Hessian-vector product that can be done efficiently using an additional backwards pass
of the function. We call this method SP2.

20
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F.4. Convergence of multi-step SP2"

If we apply multiple steps of the SP2%, as opposed to two steps, the method converges to the
solution of (13). This follows because each step of SP2% is a step of NR Newton Raphson’s
method applied to solving the nonlinear equation

q(w) = fi(w") + (Vfi(w"),w —w') + § (V> fi(w")(w — w'),w — w') .
Indeed, starting from w® = w’, the iterates of the NR (Newton Raphson) method are
given by

f j i Q(wi)

Wit — i (vq(wi)'l'> g(w') = w val(wi), (74)

where M denotes the pseudo-inverse of the matrix M.
The NR iterates in (74) can also be written in a variational form given by

EEE= argmin,, cpd Hw - wiH2

s.t. q(w') + Ve(w')(w — w') = 0. (75)

w

Comparing the above to the first (14) and second step (16) are indeed two steps of the NR
method. Further, we can see that (75) is indeed the multi-step version of SP27.
This method (74) is also known as gradient descent with a Polyak Step step size, or SP
for short. It is this connection we will use to prove the convergence of (74) to a root of g(w).
We assume that ¢(w) has at least one root. Let w; € RY be a least norm root of g(w),
that is

*_

p argmin ||w|®*  subject to g(w) = 0. (76)

w

It follows from Theorem 3.2 of Sosa and MP Raupp (2020) that the above optimization (76)
has solution if and only if the following matrix

B = (Vfi(w') = V2 fiy(w)w')(V fi(w') — V2 fi(wh)w!) T+

2 <—fi(wt) V() Tt — 1w”v2fi<wf>wt> V2 fi(ut) (77)

2

has at least a non-negative eigenvalue.

Theorem 11 Assume that the matriz B defined in (77) has at least a non-negative eigen-
value. If q(w) is star-convexr with respect to wy, that is if

(w' — w;)TVin(wt)(wi —wy) >0, for alli, (78)

then it follows that

; max VQ % ¢ *
i:o{?.i,r%—lqwl) < ” (2Tf W) [ _quQ‘ (79)
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Proof The proof follows by applying the convergence Theorem 4.4 in Gower et al. (2021D)
or equivalently Corollary D.3 in Gower et al. (2021a). This result first appeared in Theorem
4.4 in Gower et al. (2021b), but we apply Corollary D.3 in Gower et al. (2021a) since it is a
bit simpler.

To apply this Corollary D.3 in Gower et al. (2021a), we need to verify that ¢ is an
L—smooth function and star-convex. To verify if it is smooth, we need to find L > 0 such
that

aw) < ay) +{Valy)w - )+ 5 oy, (50)

which holds with L = 0pax(V2q(y)) = omax(V2fi(w?) since ¢ is a quadratic function.
Furthermore, for ¢ to be star-convex along the iterates w’, we need to verify if

q(wz) > q(wi) + <Vq(wi),w* — wi> . (81)
Since ¢ is a quadratic, we have that
g(w)) = q(w') + (Vg(w'),w* — w") + (VZq(w")(w* — '), w* —w").
Using this in (82) gives that
0 > (V2q(w')(w* — w'), w* — w') = (V2f;(w") (w* — w'), w* — w') | (82)

which is equivalent to our assumption (78). We can now apply the result in Corollary D.3
in Gower et al. (2021a) which states that

. ; L 0 2
i (q@") —qwp)) < o7 flo” —wg]].
Finally using ¢(w}) = 0 and that L = omax(V?fi(w")) gives the result. |

To simplify notation, we will omit the dependency on w' and denote ¢ = f;(w'), g =
Vfi(w') and H = V2f;(w?), thus

q(w) =c+ {(g,w—w') + % (H(w — w"),w — w")
Va(w) = g +H(w — ')
VZq(w)=H (83)

Lemma 12 If g € Range(H) and w° € Range(H) then w', Vq(w') € Range(H) for all i
and w; € Range(H).

Proof First, note that since g € Range(H) and since Vg(w) = ¢ + H(w — w?) (see (83)) we
have that Vg(w) € Range(H) for all w. Consequently by induction if w® € Range(H) then
by (74) we have that w'*! € Range(H) since it is a combination of Vq(w’) and w’.

Finally, let w} = w’ +wg + wig where wy € Range(H) and wij € Range(H)L. It follows
that

*

q(wy) = q(w' + wy).
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Furthermore, by orthogonality and Pythagoras’ Theorem
g | = " + ] + ot

Consequently, since wy is the least norm solution, we must have that wﬁ = 0 and thus

wy € Range(H). [ |

F.5. Proof of Proposition 5

First we repeat the proposition for ease of reference.

Proposition 13 Consider the loss functions given in (20). The SP2 method converges (7)
converges according to

E [Hw”l — w*Hz} <pE [Hwt — w*HQ] , (84)

where
1 n
£ = Amax (I - Z HH*) < 1 (85)
=1
Proof First consider the first iterate of SP2 which applied to (20) are given by
w!t! = min Hw — th2
weR4
st. [lw—w*|f, =0.
Thus every solution to the constraint set must satisfy
w € w" + N;a, (86)

where N; € R¥*? is a basis for the null space of H;. where o € R%. Substituting into the
objective we have the resulting linear least squares problem given by

min Hw* + N;a — th2
a€cRd

The minimal norm solution in « is thus
a =N (w"—w")
which when substituted into (86) gives
wtt = Wt NGNS (wh — w®). (87)

Note that P; == NZ-N;r is the orthogonal projector onto Null(H;). Subtracting w* from both
sides of (87) and applying the squared norm we have that

ot —w P =[Py —w)|f
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where we used that P;P; = P; because it is a projection matrix. Now taking expectation
conditioned on w! we have

E [Hth _ w*HZ | wt} = (E[P;) (' — w"), (w! —w"))
< Amax(E[P]) [|w! — w?|?.
Since the null space is orthogonal to the range of adjoint, we have that
P, =1-H;H/.

Thus taking expectation again gives the result (84).
Finally, the rate of convergence p in (85) is always smaller than one because, due Jensen’s
inequality and that Ap.x is convex over positive definite matrices we have that

0 < Amax(E [HiH}]) < E [Anax(HiH7)] = 1, (89)

where the greater than zero follows since there must exist H; # 0, otherwise the result still
holds and the method converges in one step (with p = 0). Now multiplying (89) by —1 then
adding 1 gives

1> Apax(I— E[H;H]) > 0. (90)

F.6. Proof of Proposition 6

For convenience we repeat the statement of the proposition here.

Proposition 14 Consider the loss functions given in (20). The SP2T method converges (18)
converges according to

E [0~ w*?] < pipe B [t —w|] (o)
where
o 1 - Amin(]:—]:i)
psp2+ =1— o ; m (92)

Proof The proof follows simply by observing that for quadratic function the SP27 is equivalent
to applying two steps of the SP method (4). Indeed in Section 2.2 the SP2T applies two steps
of the SP method to the local quadratic approximation of the function we wish to minimize.
But in this case, since our function is quadratic, it is itself equal to it’s local quadratic.
Consequently we can apply the convergence theory of SP for smooth, strongly convex
functions that satisfy the interpolation condition, such as Corollary 5.7.1 in Gower et al.
(2021a), which states that SP converges at a rate of (92) [ |

24



USING QUADRATIC EQUATIONS FOR OVERPARAMETRIZED MODELS

F.7. Proof of Lemma 15
The following lemma gives the two step update for SP2L27.

Lemma 15 (SP2L2") The w'*! and s'*! update of (27)—(28) is given by
wtt = wt — (' + FQ)Vfi(wt) + F2F1V2fi(wt)Vfi(wt),
sth=(1-X) (1= A)(s"+T1) +T2),

where T, — (fi(w") = (1 - )\)st)Jr’
1= XA+ ||V fi(wh)]
T — (fi(wt)—F1’Vfi(wt)‘2_(1—)\)2(5t+1‘*1) %F%<V2fi(wt)Vfi(wt),Vfi(wt» )
+

LMV £i(w)—T1 V2 i (wh)V fi(wh)[|* T 1=M|V fi(w!)—T1 V2 f; (wh) V fi (w)||*
x ifx>0

where we denote ()4 = o
0 otherwise

We will use the following lemma to prove Lemma 15, which has been proven in Lemma
C.2 of Gower et al. (2022).

Lemma 16 (L2 Unidimensional Inequality Constraint) Letd > 0,c € R andw,w,a €
R? . The closed form solution to

w', s = argming, cpa scpp Hw — w0||2 +90 Hs — 50H2

st.oa'(w—uw’)+c<s (93)
1s given by
_ 0
w' = w’ — 6(678%2@, (94)
1+0|al
1+6al*’
x ifx>0

where we denote (x)4 = o
0 otherwise

We are now in the position to prove Lemma 15. Note that

5 (s s)+53— 55 (1 )\)ss—l—is—l— 5 (s")
1 1-
= 552 — (1= X)ss" + T)\(st)2
1 A— )2
= Sl (= s 4 2 (s (96)

Consequently (27) is equivalent to

wt+1/2’8t+1/2 (S _ (1 _ )\)St)Q

. 112
- +
argmin v = w74 35

s.t. gip(wh) + (Vg (w'),w —w') < s. (97)
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It follows from Lemma 16 that the closed form solution is

1 i ) —(1— !

W2t (¢ ,t(wl) ( A)ts )2+ (), (98)
T=A 14 5 [V (wh)|
it(w') — (1 —A)s*

$172 2 (1= n)t 4 Gl = (L= NsHy (99)

2
L+ 25 [ Vaie (wh) |

(x)+_{x ifx>0

0 otherwise

where we denote

Note that g;+(w') = fi(w') and Vg 1(w') = Vf;(w'). To simplify the notation, we also
denote

L () - (=N
LN 1 V)

With this notation we have that

w2 — ot — L (filw") = (1 =N)s")4 (wt
T=x 11 4 [VA@)? ) 1o
=w' — TV fi(wh), (101)
gt i) = (0= )8
T o (102
= (1 -\ (s' +T). (103)

In a completely analogous way, the closed form solution to (28) is

L — /2 1 (gig(w!1/2) — (1= X\)stH1/2) ot

2
3 [V )]
(10w 1/2) — (1= N)st172)

sl — (1 - N)sH2 o
T Nt P

(104)

Note that
Gip (W) = fi(w') — (Vfi(w'), T1V fi(w')) + % (V2 fi(w")T1V fi(w'), T1V fi(w"))

= filw!) = T4 [V i) + 513 (V2! V fi(w'), V filw))

and

VQi,t(wt+1/2) _ Vfi(wt) + V2fi(wt)(wt+1/2 B wt)
= Vfi(w") = T1V? fi(w")V fi(w").
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Denoting I's as in the statement of the lemma we conclude that

t+1 412 L (Qi,t(wt+1/2) — (1= A)s2),

L=X 14 o [Vaaalw )
=w' =1V fi(w") = T2 (Vfi(w") = 1 V2i(w') V i(w")) (105)

St = (1 A)stHY/2 4 <qz‘,t(wt+11/ 2) — (1 A)st+1/22)+

L+ =5 [ Van(wt172)

= (=N (@ =A)(s" +T1) +T2) (106)

t+1/2>

wT=w Vi (w

F.8. Proof of Lemma 17
The following Lemma gives a closed form for the two-step update for SP2L17T.

Lemma 17 (SP2L1") The w'™' and s'*! update is given by

w = w' — (T4 4 T6)V fi(w") + Tela V> fi(w") V fi(w"),

A A
S _ <<St S )\)+F3)+— T, +1“5>+,
where . (fz’(wt) — (st — 72(1);/\)>>+ _— min{F fi(wt) }
’ L [ViHPE W AICOIEN S
et A
. (4= (' - o)),

L+ [|Vfi(w') = TV fi(w")V fi(w?) ||

I'¢ =minqT =
6= m{ IV filwh) — FNin(wt)Vfi(wt)IIQ} ’

Ay = fi(w) =Ty HVfi(wt)H2 + %Fi (V2 f;(w")V fi(w"), V fi(w")) .

To solve (29), we consider the following two-step method similar to (27) and (28):

1-—A A
argmin Ar+ =5 (107)
5>0, weRd 2 2

st gig(wh) + (Vgir(w'),w — w') <s.

wtt1/2 gt+1/2 —

1—AX A
wt—s—l’ 5t+1 = argmin 7At+% + 55

>0, weRd 2

) + (T, 0= Y < o

(108)

Note that

2
L )\(s —s")? + %S = 1=A <s — <st - 2()\)\)>> + constants w.r.t. w and s.
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Then, (107) is equivalent to solving

\ 2
AN = i o (o= ()}
s.t. gir(wh) + <ti7t(wt)7w - wt> < s

It follows from Lemma C.4 of [cite| that the closed form solution to (107) is

. t\ t_ A
t41/2 _ ¢ . (qz’t(w ) (S 2(1—’\)>>+ gi(w') '
w =w’ —min T2 ) NTD) Vi (w'),
1+ Vg (w?) || Vi (wh)]]
. Bt [t A

St+1/2 . <8t _ A > N (Q’L,t(w ) (3 2(1*)\)))_,'_

2(1 =) L+ (Vi (wh)[? ’

_l’_
z ifxz>0

where we denote (z)y = o
0 otherwise

Note that ¢; +(w') = f;(w') and Vg;(w') = V fi(w"). To simplify the notation, denote

(116 (¢~ ),
L+ IV fi(wh)]? ’

. fi(w?)
b —mm{“’“uww}'

I's =

and

Then, we have

wt+1/2 —wt — F4Vfi(wt),

() ).

In a similar way, we can get the closed form solution to (108), which is given as

(Qi,t(wt+1/2) _ (8t+1/2 _ 2(1{A)))+ g o (w1/2)

1 t1/2 \V 7 t+1/2
w w min T HVth(wt“/Q)HQ ) HVth(wt“/Q)HQ Qz,t(w )7
X t+1/2 _ t _ A

St+1 _ (St+1/2 . )\ > n (Q’L,t(w ) (S 2(1—)\)>>+
2(1-2) 1+ [ Vi (wi+1/2)|2
+

Note that
@it (W) = fi(w) = (V fi(w'), T4V fi(w')) + % (V2 f;(w" )DLV f;(w"), T4V fi(w"))
= ")~ Ta | 5()|* 4 ST3(V2 ()Y folw), Vi)
E.v
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and

Vi (w/%) = V fi(wt) + V2 fi(wh) (w2 — wf)
= Vfi(w') — T4V fi(w")V f;(w').

Again, to simplify the notation, we denote

(Qi,t(wt+l/2) - (St - ﬁ>>+

F =
’ 1+ [[ Vi o (wt172)|2
t A
(i),
1[IV fi(wt) = TuV2 fi(wh)V fi(w) |2’
and
) q@-t(w”l/Q)
I'g = T :
6 mln{ 5 |’ti,t(wt+1/2)u2

. Ay }
=min I's, .
{ IV fi(wt) = Ty V2 f;(wh) V fi(wh) |2
Then, we have

Wt = w2 Tg (0 Y?)
= wt — I‘4Vfi(wt) — Fﬁ (Vf,(wt) — F4V2f¢(wt)Vfi(wt))
=w' — (T4 + Te)Vfi(w') + Ty V2 fi(w')V fi (w?),

= (o g+ 1),
(=) +0) o) <)

F.9. Proof of Lemma 18

The following lemma gives a closed form for two step method SP2max™.
Lemma 18 (SP2maz®) The w'*l and s'*! update is given by

wt+1 = wt — (Fl + P3> sz(wt) + F3F1V2fi(wt)vfi(wt)7

"1 = max {Fz - g V) =TIV £ ’0} |
where Ty = min{ fi(w?) A }
! IV fi(wh)|?" 200 = A) f 7

Ty = fi(w') =T vai(wt)HQ + 53 (V2 fi(w")V fi(w"), V fi(w'))

I's = min{ I A }
PV A0t — TR ()Y fiwt) 2 20— N S

29



USING QUADRATIC EQUATIONS FOR OVERPARAMETRIZED MODELS

To solve (30), we again consider a two step method similar to (107) and (108):

1=
w2 g2 — aremin

5>0, weR4

s.t. qi,t(wt) + <V(Ji,t(wt)7 w—= wt> < s

Hw—thQ-i-%s (110)

1—A 2 A
w'™, st = argmin Hw - wt+1/2H + s (111)
5>0, weR4 2 2

ot Qi,t(wt+1/2) + <vqi7t(wt+1/2),w_wt+1/2> <s.
Note that (110) is equivalent to solving

1

t4+1/2 _t+1/2 . ot
w ) S = argmin — |lw —w'||" + =——5 (112)
>0, wERd2 H H 2(1 - )‘)

s.t. qi,t(wt) + <V(Ji,t(wt)7 w—= wt> < s

It follows from Lemma 3.1 in [cite| that the closed form solution to (112) is

t
t+1/2 o0t i i r(w) N o
) S { 1V gie(wt)]|* 2(1 = A) Vgit(w")

— w' — min fi(wt) A (!
- U ha e 2 A

= wy — SV fi(wh),

= max {qi’t(wt) - 2<1)\_/\) ||qu',t(wt)”2 70}

A ¢
= max {fl(wt) — m vaz(w )H2 ,0} )

st+1/2

where we denote

. fiw") A }
Iy _mm{|Vf¢(wt)H2’2(1—)\) .
Note that

Gy (W 2) = fi(wh) = Ty ||V fi(wh)||? + 303 (V2 fi(wh) V fi(w), ¥ fi(w?))
= P27

and

Git (WHY2) = V fi(w') + V2 fi(wh) (w2 — wt)
= Vfi(w") = T1V? fi(w")V fi(w").
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Similarly, we have the closed form solution to (111) given as

(antF1/2
witl = w2 _ min Git(w / ) -, A qu‘,t(th/Q)
[V gie(wt+1/2)]| 2(1—=X)

. Ty A
) mm{ IV £i(w!) = D1 V2 £(w)) ¥ filw) 2 2(1 = )
= w2 T3 (Vfi(w') — TV f;(wh)V f;(wh)
=w' — (T +T3) Vfi(wh) + 3T V2 £ (wh) V fi(w?)

)V%twt*” 2)H2 ’O}

— wit1/2

} (Vfi(w') = T1 V2 fi(w")V fi (w"))

gtt1 t+1/2) B

A
2(1 - ) ‘

IV fi(w') = T V2 fi(wh)V fi(wh)]|” ,o} .

= max {qiyt(w

A

:m“{“‘m—»

F.10. Proof of Lemma 7
In GLMs, the unregularized problem (30) becomes

1 -
w1 = argmin - Hw — th2 + As
$>0, wERd2
st fi+ <aixi,w — wt> + % <hzxzx:(w —wh),w — wt> < s, (113)

where \ = ﬁ, and we denote f; = f;(w'), a; = ¢L(x] w —y;), hi = ¢ (x]w — y;) for
short.
Denote A := w — w’. Then, problem (113) reduces to

min A% + s

|
>0, A€R4 2
s.t. fl + aixIA + %hZAT;L‘Z{L‘ZTA < s. (114)

Note that we want to minimize ||A|?. Together with the above constraint, we can conclude
that A must be a multiple of x; since any other component will not help satisfy the constraint
but increase |Al|?. Let A = cx; and £ = ||z4]|?, then problem (114) becomes

1 -
min —c%0 + \s
5>0, ceR 2

s.t. fi +ailc+ %hi£262 <s. (115)

The corresponding Lagrangian function is then given as

1 ~
L(s,c,v1,19) = 50% + s + v (fi + aile + Lhil?? — s) — s,
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where v1,v9 > 0 are the Lagrangian multipliers. The KKT conditions are thus
fi + aifec+ %h¢€202 —5<0,
s>0, 11 >0, vp >0,
vi(fi + aile + %hi€2c2 —5)=0, rs=0,
X — v — vy =0,
le+ viail + v hil’e = 0.

By checking the complementary conditions, the solution to the above KKT equations
has three cases, which are summarized below.

Case I: The Lagragian multiplier v5 = 0. In which case v} = X, vi=0,c" =— : j‘%’t 7 and

Xa?ﬁ hipa?ﬁ
_|_

1
§* = fi + ailc + —hl?c? = f; — — L - ,
2 1+ Ml 2(1 + Ahit)?

which is feasible if s* > 0. The resulting objective function is %0*26 + Xs*, which is
> 0.

Case II: The Lagragian multiplier vy = 0. In which case v} =0, v5 = X, ¢ =0, s =0, which
is feasible if f; = 0. The objective function is 0 in this case and the variable w is
unchanged since w — w! = ¢*x; = 0.

Case III: Neither Lagragian multiplier is zero. In which case there are two possible solutions for

c given b c*zw VE= ¢ _ yf— N4 < _ ¢ —(. Note that
) y Rl » 1 aithite) V2 @ithitc: '

a; + h,ﬂc == :I:\/a% - 2hzf7,

Consequently to guarantee that the Lagrangian multipliers v; and v are non-negative,

—a;+ a2—2hi i . . . . .
we must have ¢* = h—zf and in this case the objective function equals

%6*26 > 0.
As a summary, if f; = 0, Case II is the optimal solution. Alternatively if f; > 0 and if
Xa?f hixza?@
= + =
1+ Ahil  2(1+ Ahil)?
is non-negative then Case I is the optimal solution. Otherwise, Case III with ¢ =

—a; 2-2h;f; . . )
W is the optimal solution.

Therefore, the optimal solution to (113) is then

S=fi-

t+1 wt + C*Ilﬁi,

st = max {3, 0},

w

where

0, if ;=0

* Xai f i '

= ——= 1 Oand s>0

C 1+>\hi£7 fz > Z Y
—a;++/a?—2h; f; :
%, otherwise.

1
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Appendix G. Additional Numerical Experiments

G.1. Non-convex problems

For the non-convex experiements, we used the Python Package pybenchfunction available
on github Python_Benchmark_Test_Optimization_Function_Single_0bjective.

G.1.1. PERMDgA" 1S AN INCORRECT IMPLEMENTATION OF PERMDS.

We note here that the PermDA™" implemented is given by

PermDf* (z) = Zdjz ((ji +8) ((?) - 1))2.

which is different than the standard PermDg3 function which is given by

PermDf(z) := f zd:(ji ) <<?> E 1)

i=1 \j=1

We believe this is a small mistake, which is why we have introduced the plus in PermDS™ to
distinguish this function from the standard PermD/ function. Yet, the PermDA3™ is still an
interesting non-convex problem, and thus we have used it in our experiments despite this
small alteration.

G.1.2. THE LEvY N. 13 AND ROSENBROCK PROBLEMS

Here we provide two additional experiments on the non-convex function Levy N. 13 and
Rosenbrock that complement the findings in 3.1.

For the Levy N. 13 function in Figure 1 we have that again SP2 converges in 10 epochs to
the global minima. In contrast Newton’s method converges immediately to a local maxima,
that can be easily seen on the surface plot of the right of Figure 1.

The one problem where SP2 was not the fastest was on the Rosenbrock function, see
Figure 4. Here Newton was the fastest, converging in under 10 epochs. But note, this problem
was designed to emphasize the advantages of Newton over gradient descent.

G.2. Matrix Completion

Assume a set of known values {a;;};jjcq where Q is a set of known elements of the
matrix, and we want to determine the missing elements. One approach is solving the matrix
completion problem
. 1
win S (uf vy —ai ), (116)
U (1.5)€R
where U = [ui]; jyeq and V = [vj](; j)eq- With the solution to (116), we then use UTV as
an approximation to the complete matrix A = [a; ;i j=1,... n-
Despite (116) being a non-convex problem, if there exists an interpolating solution
to (116), that is one where u! v; = a; ;, for (i,j) € 2, then the SP2 method can solve (116).
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Figure 2: The Rastrigin function where Left: we plot f(z) across epochs Middle: level set
plot, Right: Surface plot. SP2 is in blue , SP27 is in green , SGD is in and
Newton is in red.
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Figure 3: The PermDA" function with 8 = 0.5 where Left: we plot f(z) across epochs
Middle: level set plot, Right: Surface plot. SP2 is in blue , SP2T is in green , SGD
is in and Newton in red.

Indeed, the SP2 can be applied to (116) by sampling a single pair (7, j) € 2 uniformly, then
projecting onto the quadratic

. 1
AL it — argmin, , 5 Hu —uf

2 1 L2 ‘ T
P +§Hv—ij subject to u' v = a; ;. (117)

U

This projection can be solved as we detail in Theorem 10 in Appendix E.

We compared our method 117 to a specialized variant of SGD for online matrix completion
described in Jin et al. (2016), see Figure 5. To compare the two methods we generated a
rank k = 2 matrix A € R109%50 We selected a subset entries with probability p = 0.1,0.2 or
0.3 to form our set €2;,,;; that was used to obtain an initial estimate Uy, V{y using rank-k SVD
method as described in Jin et al. (2016). We extensively tuned the step size of SGD using a
grid search, and the method labelled Non-convex SGD is the resulting run of SGD with the
best step size. We also show how sensitive SGD is to this step size, by including the run of
SGD with step sizes that were only a factor of 2 to 4 away from the optimal, which greatly
degrades the performance of SGD. In contrast, SP2 worked with no tuning, and matches the
performance of SGD with the optimal step size in the p = 0.1 experiment, and outperforms
SGD in the experiments with more measurements as can be seen in the p = 0.2 and p = 0.3
figures.
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Figure 4: The Rosenbrock function where Left: we plot f(x) across epochs Middle: level set
plot, Right: Surface plot. SP2 is in blue , SP2% is in green , SGD is in and
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Figure 5: Recovery error for matrix completion. Left: Using 10%, Middle: using 20% and
Right: using 30% of the entries of A to form €2, respectively. Shaded region
corresponds to 5 repeated runs.

G.3. Convex classification

In this experiment, we test the proposed methods on a logistic regression problem and compare
them with some state-of-the-art methods (e.g., SGD, SP, and ADAM). In particular, we
consider the problem of minimizing the following loss function f(w) = 2 377 | fi(w)+ % ||lw||3,
where f;(w) = ¢;(z; w) with ¢;(t) = In(1 + e~ ¥?). Here, {(z;, ;) € R}, stands for the
feature-label pairs and o > 0 is the regularization parameter. We can control how far each
problem is from interpolation by increasing ¢. When ¢ > 0 the problem cannot interpolate,
and thus we expect to see a benefit of the slack methods in Section C over SP27T.

We used two data sets: colon-cancer Alon et al. (1999) and mushrooms West et al. (2001),
both of which interpolate when o = 0.

We compare the proposed methods SP27" (18), SP2L2" (Lemma 15), SP2L1T (Lemma 17),
and SP2maxt (Lemma 18) with SGD, SP (5), and ADAM on both data sets with three regu-
larizations o € {0, 0.001, 0.008} and with momentum set to 0.3. For the SGD method, we
use a learning rate Lyax/v/t in the t-th iteration, where Lyay = imaxizlw.’n l|lz;]|? denotes
the smoothness constant of the loss function. We chose A for SP2L2%, SP2L1", and SP2max™
using a grid search of A € {0.1,0.2,...,0.9}, the details are in Section G.

The gradient norm and loss evaluated at each epoch are presented in Figures 6 and 13

(see Appendix G). We see that SP2 methods converge much faster than classical methods
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Figure 6: Colon-cancer: gradient norm and loss at each epoch with momentum being 0.3.
Left: 0 =0, Middle: ¢ = 0.001 and Right ¢ = 0.008.

(e.g., SGD, SP, ADAM) and need fewer epochs to achieve the tolerance when o is small (left
and middle plots). However, they can all fail when the problem is far from interpolation,
e.g., when o = 8 x 1073, The running time used for each algorithm to achieve either the

tolerance or maximum number of epochs for both data sets is presented in Figure 14 (see
Appendix G).

G.4. Additional Convex Experiments

We set the desired tolerance for each algorithm to 0.01, and set the maximum number of
epochs for each algorithm to 200 in colon-cancer and 30 in mushrooms. To choose an optimal
slack parameter \ for SP2L2", SP2L1T, and SP2max™, we test these three methods on a
uniform grid A € {0.1,0.2,...,0.9} with 0 = 0.001. The gradient norm and loss evaluated
at each epoch are presented in Figures 7-10 (see Appendix G). It can be seen that SP2L27"
performs best when A = 0.9 in colon-cancer and A\ = 0.1 in mushrooms, SP2L1" and SP2max™
perform best when A = 0.1 in both data sets. Therefore, we set A\ = 0.9 for SP2L27" in
colon-cancer and fix A = 0.1 in other cases.

Under the same setting as in Section G.3, we also compare the SP2max and SP2max™
methods on a grid A = [0.001 0.01 : 0.01 : 0.05] with 0 = 0. The gradient norm and loss
evaluated at each epoch are presented in Figures 11-12 (see Appendix G). As we observe,
SP2max™ always outperforms the SP2max method.
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Figure 7: Colon-cancer: gradient norm at each epoch with different A.
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Figure 8: Colon-cancer: loss at each epoch with different .
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Figure 9: Mushrooms: gradient norm at each epoch with different .
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Figure 10: Mushrooms: loss at each epoch with different A.
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Figure 11: Colon-cancer: gradient norm at each epoch with different .
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Figure 12: Colon-cancer: loss at each epoch with different A.
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Figure 13: Mushrooms: gradient norm and loss at each epoch with momentum being 0.3.
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